x™ for which

il a TR-code
tive rate and

t Iy &,
ishable (ie.
M; satisfying

etes his code-
ding the total

v .
Yy ), say.
fication in the
7; was sent or
yy accurately,

n iy i both
L= w™
wler 2 behaves

and since the
r probabilities
ly small. This

m transform a
ose codewords
P only. This
ties tending to
new code, {T)

. to appear in

nce of feedback

n IEEE Trans.

1els”, Problemy
me 1978,

A proof of the coding theorem for the additive white Gaussian
noise channel in terms of jointly typical sequences

Frang M.J. Willems*

Achievability proofs for additive white Gaussian npise channels are often
proved by handwaving. Here we give o rigorous achievability proof for the
single—input single—ouiput channel in tlerms of typicel sequences. This
approach 1¢ generalizable to mulit—user situations.

I. DEFINTTIONS

An additive white Gaussian noise (AWGN) channel is a time-discrete

memoryless channel with input X ¢ R and output Y ¢ R. The conditional probability

‘density function of y given x is given by

Py x(1®) = -exp(-(yx)%/26%), (1)

270

‘hence Y-X is Gaussian, with mean 0 and variance 02 {and independent of X). The
emorylessness of the channel follows from prX(ﬂg) =n£§,N Py| y(vIx,), whese
= (xl,xz, e ,xN) is an input sequence and y := (yl,yz,- . ,yN} the corresponding

-output sequence.

An (M,N) code for the AWGN channel consists of a message set {1,2,-+. M},
he codewords x(1}, x(2), ---, x(M), one corresponding to each message, and a
:decoding function D : RY - {1,2,-++,M}. We assume that the messages are uniformly

distribuied. The average probability of error P e and the maximal signal energy S of

-the code are defined as

1%[ mli,M Pr{D{Y)#m|x(m)}, {22)

ma.xM ];.g(m){z, where |5]2:: I, N xi. {2b)

=1
Il

n=

?
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A rate R is sald {0 be P-achievable for the AWGN channel if, for every § > 0
there exist, for ali N large enough, (M,N) codes with M » exp(N(R~6)}, P, <4 and B
< NP(1+§). The P-capacity of the AWGHN channel is the maximum of all P-achievable
rates. In this contribution we show that the P-capacity is at least 1/2.In{1+P/ crz).

Our proof is based on the concept of Gaussian e~typicality which is developed here,

I GAUSSIAN «TYPICAL SEQUENCES

Let X and Y be jointly Gaussian with means 0, variances 32 and B2

respectively, and covariance J, i.e,

2.2, 22
Py Y(X:Y) = ! -exp(~ xb +y232 E:écy)‘). {3}
’ 97y aZbr? 2{a"0"-)")
Ther for the entropies h(X), b{Y), and B(X,Y) we have that
h{X) := -In{py(x]] = 1/2-111(27re32), {4a)
h(Y) := T(pg (7)) = 1/2-la(2reb?), and (4b)
B(X,Y) := Ta(py Y57)] = 1/2-In((27e)?- (atb2-A2)). (4¢)

Now let py(x) := nlin Px(p) pyly) = nli pyly ), and px ylxy) =

ngl,N pX,Y(xn’yn)'
DEFINITION : For a fixed N and ¢ > 0 the sef § E(X,Y) of Gaussian jeintly e-typical

sequences of length N is now defined as

6X.Y) = {(xx) e &" « K" : |-In(py(x)) - NB(X)] ¢ Ne U
|-n(py(¥)) - NR(Y)| < Ne U
!_IH(PX,X(%X) - Nh(X,Y)| < Ne}. (5)

The MAIN PROPERTY of g (X,Y) is that

Pr{(XX) ¢ ¢ (X,Y)} < e for all N large enough.

PROOF .

is Gaussial

{”EQ(PU{U

where the
the varian
Using Che
and Pr{]-

pX,Y(XJYI

and that
follows th
the indeg
have wvi -

Pe{|-dn{s :

Let

probabili
Pyix('i
= h{X)




§>0
and E

PROOF : When U has density function pyy(u) o= exp(~u2/2v2}/,f 2vS, u e R (e U

is Gaussian with mean C snd variance v?‘), we obtain for the variance of -}n(pU(U)}

ievable

/o). (Gn(py(U) - RO = (U + 1/2:1n(2mD) — 1/2-In(2nev))?

Lere- = (U%av® - 1/2)% = Uhjavt - 082 4+ 174
= 3/4-1/2 + 1/4 = 12, *)
where the last step follows from _U?g = 3v4 and -waf = vz. It is important to note that
the variance of -in(p;(U)) is independent of v,
Using Chebyshev’s inequality we find {hat Pr{!—ln(px(:n_(}) = NR{X}| < Ne} ¢ 1/2N52

and Pr{|-n{p(y) - Nh{Y)} ¢ Ne} ¢ 1/2N52. Next observe that

2,2
Py y(xy) 1= — -axp{—xz/zag) . 1 exp(- gx-—)\xéa g |
XY /o2 ol (-7

and that Y“—J\X/a2 is Gaussian, with mean 0, and independent of X. From (*) it

follows that both w{n(pX(Xn)) and —in(py_}\x/ag(Y—)\X/az)) have variance 1/2. By
. 2

the independence ——ln(PX,Y(X,Y)) = -In(py(X,)) “In(py. 1y /aZ(Y-»AX/a. )} must

have variance 1. Again applying  Chebyshev’s ineguality yields that

PI{|—-111(pX yv{x¥)) - Nh(X,Y)| ¢ N¢} ¢ 1/N52. Using the union bound we finally get

Pr{(X,Y) ¢ 0 (X,Y)} < 1/2Ne2 4+ 1/Né + 1/Né% = 2/Né2

0. RANDCM CODING ARGUMENT
Let the X be a Gaussian random variable with mean 0 and variance 7 (and
brobability density function Py(-)). Let pX,Y(x'Y) = px(x)pY!X(ylx) with
__ .pY|X(' |-) asin (1). The mutual information between X and Y is defined as HX;Y)
K{X) + B(Y) - h(X,Y). Note that Y has variance P+o% and that the covariance of




X and Y is equal to 7. Therefore HAY) = 1/2.1n(27e7) + l/2-1n(27re(?’+52)) -

Cexpl
'- 1/2.1 2 By =1 2 ' -
j [2-18{(27e)* (P74 0%)-7%)) = 1/2:1n{1+P/0"). We will now show that for any ¢ >
0 there exists an (M,N) code with M = exp(N{I(X;Y)~4¢)) and P, <2 Substi
RANDOM CODING (adapted from El Gamal and Cover [1]} : Fix N. Generate
M iid. sequences %(1).x(2),- -+ x(M) of length N each with probability ;Jx(g) =
nnﬂ_l,N?X{Xﬂ)‘ The encoder sends sequence x(m) when message m is Ato be lfji ‘
transmitted. The decoder upon receiving vy decodes the unique m for which (x(m),y) ¢ coaes
» H
G (X,Y}. Whex there is no such m an error is declared, N targ
We evaluate the average error probability averaged over the ensemble of codes :
P o= E Pr{code} - : z Pr{Y¢D(m)| X(m)} !
e all”codes M m21,M =
1 small
=W mll,M a,IlEcodes Pr{code}- Pr{Y¢D(m})| X(m}} o
gign
_ 1 ¢
M mll,M pf{Em v [m’gm Em’]} i with
) PRESY + L ) Z PTH{E ) (7)
"M mZ1M o’ T M m2LM m¥m m’h ' denot: -
sent ?
where the event E = {X(m)Y)e GE{X,Y)}, with ¥ generated by X(m). there
From the main property of Gaussian e-typical sequences it follows that for all N There
large enough P?{EI;} ¢ ¢. Furthermore using the definition of gf(X,Y) we obtain that
PHE )}
= Jndn Jx Px,y{x¥)-py(x’) dxdydx’ By es
€k pek” Xl (x,3)ed (X,Y)
= M-
= Py () px(x'} dydx’
JN jN, , ¥ Px( NP(1
TERT xR : (x',y)eG (X,Y)
Px (2) -pyly)
= Ix )y Py Y15, §) Pxy (&) dxdy
XERT yeR : (xy)ef (X)Y) T4
exp(-N{h(X)~€)) - exp(—N(h(Y)-c)) (x.v) dxd
= Py ylxy) dxdy
xeRY yerY . (x.y)eg (X,Y) exp(-N(R(X,Y)+¢)) ==




Cemp(-NAXYI3a): | | by yls) dxdy = exp(-N(ICGY)-86))
ek yer® T

Substitution in (7} gives us (for all ¥ large enough)

P, < e+ (M-1)-exp(-N(I(X;Y)-3¢)) ¢ ¢ + exp(-Ne) ¢ 2, (9)

if M = exp(N(I(X;Y)4¢)). Inequality (9) therefore implies the existence of (M,N)
codes with M = exp(N(I(X;Y)-4¢)) = exp(N(1/2-In(1+7/0*}4e)) and P < 2¢ for all

N large encugh.

IV, Z~ACHIEVABILITY
In section IIT we have demonstrated the existence of a sequence of codes with
‘smail P, and satisfactory values of M. However nothing was said about the maximum
ignal energy E for such a code. A certain code may contain a number of codewords
with signal energy higher then NP(1+2¢). Let Jl’:]F = {m : i;(m)}z > NP(1+26)|}
denote the messages corresponding to such codewords. What happens when m* € J{* is

sent ? From the definition of § (X,Y) it follows that —In{py(x) - Nh(X) > Ne, hence

(x(m).x) € g (X,Y), in other words Pr{D(Y}#m|x(m)} = .
rall N

in that
200 L, 3y PO x(m)} 2 Ly PeD@mlxm) = (1. (10)

.
By expurgating the codewords corresponding to messages in 4 we get a code with M
*

M- | > M(1-2¢) codewords that satisfy the signal energy constraint !g(m)lz <

P(1+2¢)|. For the error probability of this code we find that
pro= 1. ), prD(Y
o= e L, Pr{D(Y)¢mx(m))
M4 | miX

= 1 : Z r mix(m) — *
) éxdy 7T [k Petp st - 141




= (MP 4 )/(-1H ) ¢ (P4 [P Y(M-IN [} =P <26 (1)

We finally conclude that for any ¢ > 0 there exist for all N large enough {M’,N)

codes with M> > (1-2¢)-exp(N(L/2-In(1+7/6*)-4¢)) > exp(N(1/2-In(1+7/c")-5e)), P z
¢ 2¢ and B < NP(14+2¢). This implies that 1/2.In(147/ 02} iz P-achievable for the - In
AWGHN channel and that the P-capacity of this channel is at least 1/2-In{1+7/ 0'2). E i;;;?
0 egv al
IV. CONCLUSION ‘
Typical sequences are used in many achievability proofs for maulti-user channels. %é
Inspection of these proofs however (see e.g. E! Gamal and Cover {1]), tells us that :
this technique does not work for the Gaussian case, although some author(s) claim % In
the opposite. The reason for this is thai the cardinality of the typical set in the % the m
Gaussian (continuous) case cannot be bounded. However as shown here, this difficulty : Gi
can be overcome. Since the proof in section III does carry over to the discrete case, el‘ff_““
the cardinality bounds for the typical set must be secondary properties. Handling the :zf} 5
signal energy constraints is left to the reader in most achievability proofs for Gaussian . the b
mulii-uger channels. Our proof shows that with typical sequences there is a natural {resp '
way {0 incorporate these constraints. It is obvious that the proof techmique in this to hi
report can be generalized from the single-input single—output channel to mulii-user : 1-1o~.§~? :
channels as e.g. the broadcast channel and the multiple access channel. :. Zi;i
The first achievability proof for the AWGN channel was given by Shannon [2]. deno
His approach was geometrical. Galiager [3] showed that it is possibie to approximate _ 0BT
the Gaussian channel by a chamnel with discrete input and ouipui alphabeis with ' o) T
capacity as close to 1/2-1n(1+'P/02) as desired. Both the geometrical and the : d) T 5‘
approximation approach have disadvantages that make them inefficient when proving j ';1)113
coding theorems for multi-user channels. to v
demu
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