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REPETITION TIMES AND UNIVERSAL DATA COMPRESSION

Frans M.J. Willemsx

A new undvensal data compression algorithm s descernibed. This
alaonithm encodes L sounce symbols at a time. The cede alpha-
bet is binany. Forn the class of binary statlonary sources,
the efficiency L5 shown tc be not mone than [H(UO'UI e ’UL—I)
+ cell{log(L+1)}]1/L bits pen source symbol.

In the analusis of cun algonithm a result on nepetition times
tuans out to be cruclal.

The algornithm can be generalized to anbitrany sowrce and arbi-
trany code alphabet sizes.

I. INTRODUCTION

In a data compression situation an encoder observes the output
stream of an information source and transforms it into a code stream.
This code stream is sent to a decoder, which is capable of reconstruc-
ting the source stream by interpreting the code stream. The efficiency
(the rate) of such a system is defined as the expected number of code
symbols per source symbol.

If the source statistics are known, we can design encoder-decoder
pairs with the efficiencies arbitrarily close to the entropy of the
source. In addition it can be shown that efficiencies smaller than
source entropy can not be achieved.

A data compression algorithm is called universal if the correspon-
ding encoder and decoder are designed without knowing the source sta-
tistics. Such a universal compression technique is optimal if there
exists encoder-decoder pairs, designed accordingly, with efficiencies
arbitrarily close to source entropy, no matter what the actual source
is.

Here we present an optimal universal data compression method for

binary stationary sources and a binary code alphabet.
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II. STATEMENT OF RESULT
Consider a binary source that produces an output every time unit.

t}:=—w’ i.e. a sequence of source outputs with

values in the alphabet {0,1}. The index t takes on integer values and

Hence it generates {u

can be identified with time. Throughout this report we assume that
the source is stationary(for definitions we refer to Gallager (1], par. .
3.5.). '
The éencoder chops the output stream into pieces uLé(u(k DL
u(k—l)L+l""’ukL l) of length L, with k 1nteger At time t=kL the
source word uy is transformed into a codeword ck of length lg(c ) code
symbols. These code symbols take on values also in the (binary) alpha-
bet {0,1}. The encoder uses the M most recent source symbols. They
are assumed to be stored in a buffer. More presicely let this buffer
at t=kL contain ¢ké(u(k—l)L~M’u(k—1)L~M+l""’u(k-l)L-l) then the enco-
der forms

* L o
Ck = E(uk’¢k)- (1)

The decoder uses an identical buffer and it is assumed that at
t=-» the contents of this buffer and the one used in the decoder are

"equal. At t=kL the decoder receives ck and reconstructs

ut = Dle (2) :

Ui k’d)k

. L
Subsequently, using ¢k and uk the decoder forms ¢k+1'

To keep the coding delay small, we require that the set of codewords
produced by the encoder satisfies the prefix condition (see Gallager (117,
par. 3.2). In (1) and (2) it is implicitely stated that for all source
words uL and buffer contents ¢

L L

u’ = D(E(u,¢),9) (3) .

should hold. We say that the code used by the encoder and the decoder

has to be uniquely decodable. .

The efficiency R of the described encoder-decoder pair is defined
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R & B(15(c)))/L, (4)

where the enteger k is arbitrarily. The expectation in (4) is evalu-
ated using the statistics of the source being compressed.

In section IV we describe and analyse an encoder-decoder pair and
we are able to prove that for each binary stationary source

RL < H(U,,U sUp ) + ceil(log(L+l)). (s)

IR
All logarithms in this manuscript unless stated otherwise are assumed
to have base 2. For the size of the buffers we find that it suffices

to take
M=2"-1. (6)

Note that essentially our coding strategy is of the fixed-to-
variable type.

It is well known (see Gallager [1], par. 3.3) that in our situation

when the source is stationary
RL 2 H(UO,Ul,...,UL_I(U_M,Ul_M,...,U_l). (7)

Also it is clear that (see again Gallager (1], par. 3.5), because of
(5) and (7),

lim R = H (U0), (8)
Lo it

where H_(U) is the entropy of the (stationary) source. It is (8) that
makes our universal method optimal.
A crucial point in our argumentation is a result on repetition

times. The next section is devoted to this subject.
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ITI. REPETITION TIMES

A source generates ...,x_z,x_l,xo,xl,xz,... with xts AX, a finite
alphabet. We assume that this source is stationary.

Let A: be the subset of AX that contains all x with P(X0=x)> 0.

Now for m = 1,2,3,... and x¢ A: we define

He>

Qm(x) P(X_m=x,X1_m#x,X2_m$x,...,X_1¢x|X0=x). (9)

and

T(x) =k mQ (x), (10)

where it is understood that
Z a &1m = a . (11)
n=l,® "n No p=1,N D

In this section we state the following theorem.

THEOREM: For a discrete stationary source, for x ¢ A:

z Q (x) =1, and (a)
m=1l,0 M

P(XO=X)T(X) 1 - lim P(X, #x,X.$%,...,X *x). (b)
N-oo 0 1 N

PROOF: The proof of this theorem is not given here.
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IV. THE ALGORITHM

We start the description of our algorithm by introducing the

following concept.

The L-th ordered derived source of the source {ut}:;_°° is defined
o . é
as the source that generates {vt}t=—m with v, = (ut-L'ut-L+l" "ut-l)'
Without proof we give the following lemma.
LEMMA: The L-th order derived source of a stationary source is
stationary. (end)

It is important to note that this lemma implies that the theorem in
section III holds for the L-th order derived source. We will now des-
cribe the encoding process of our universal algorithm.

- N R \ s .

Let t=kL, hence v, = u = (ut*L’ut-L+l""’ut—l) is being encodedi

The buffer now contains ¢k (ut—L-M’ut—L-M+1”"’ut~L‘1) with M = 27-1.

t the encoder can form (has access to)

Viom with 1 € m £ M. With these L-vectors the encoder determines the

Note that using ¢k and u

integer m . This m is set equal to the smallest m, 1sms ZL-l, for which
- 7
Veem T Ve (12)
If such an m, can not be found set m = M+l = ZL. From the above it
follows that m ¢ S & (1,2,...,2"}.

k
We now assume that $ is partitioned in L+1 subsets. These subsets

Sn’ p=0,1,2,...,L, are defined as follows

e

(2%,2%41,...,2P" 13, for p=0,1,2,...,L-1 and

2hy. (13)

S
D

5L

>

Note that Sp for p=0,1,2,...,L-1 contains Zp elements.
Next suppose that my + ZL. Then, using the subsets of S, it is possible
to assign to each m o a subset number p which indicates that m_ ¢ Sp’

k
and a member index q which is defined as



After having determined m s the encoder constructs a codeword

ck(mk).

ot
=

If M F 2L the codeword x is obtained by concatenating the subset
number p and the member index q of ms both in radix-2 notation. For
the subset number ceil(log(L+l)) binary digits are needed, for the
member index p binary digits. Hence if m + ZL (this means that uL

k
appears somewhere in the buffer),

lg(ci) = bot(log(mk)) + ceil(log(l+1)). (15)

If»mk = ZL (this corresponds to the sit:ation where no match for
uy is found in the buffer), the codeword Cp is obtained by concatenating
the subset number L and the source word ui, the subset number in
radix~2 notation. Now for the subset number again ceil(log(L+1))
binary digits are needed and for the source word L digits. Hence for

m, = ZL,

lg(c:) = L + ceil(log(L+1)). (16)

One easily verifies that the decoder after having received cz can
reconstruct ui. Also note that the codewords emitted by the encoder
satisfy the prefix condition.

We will now analyse the described algorithm. Suppose that vt(=ui)=v
is the codeword being encoded at t=kL. Now what is the average length

L(v) of the codeword assigned to it? We extrapolate the notation of

(9) somewhat and obtain

Lv) = ¢ L Qm(v)[bot(log(m)) + ceil(log(L+1))]
m=1,2"-1

+ I Q (v)[L + ceil(log(l+1))]
m=2", m

A

I Qm(V)[log(m) + ceil(log(l+1))]
m=] o :




ing

(a)
= I Qm(v)log(m) + ceil(log(l+1))
m=],0
(b)
S log[ X mQ_(v)] + ceil(log(l+1))
m=] 00 m

log(T(v)) + ceil(log(L+1))

(c)
< —log(P(vt=v)) + ceil(log(l+1)). (17)

Here (b) follows from the (a)-part of the theorem in section ITI, (b)

from the convexity of the log function and (c) from the (b)-part of

this theorem. Note that throughout the derivation (17) we have used

the fact that P(Vt) > 0. Fortunately only those v appear in the source
L

output stream as v (=uk).

Using (17) we can now upperbound the efficiency of our system:

RL P(vt=v)L(V)

%
V:P(vt=v)>0

< v?P(vt=v)>0 P(vt=v)[-log(P(vt=V) + ceil(log(l+1))]

H(V) + ceil(log(L+1))

H(Uj,Up 500000 1) + ceil(log(L+1)), (18)

where we have obeyed the convention that 0log(0) = 0. This concludes

the proof of the result announced in section II.
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V. CONCLUSION AND REMARKS

We conclude that our algorithm is easy to implement and that its
minimax redundancy with respect to H(UO’Ul""’UL-l) instead of
LHm(U) is acceptable for stationary sources.

The algorithm can be generalized to arbitrary source and code
alphabet sizes.

The author was motivated by a number of very interesting papers
in the field of universal source coding. These papers are well known

and need not be referred to here.

REFERENCE

(1] R.G.GALLAGER, Tnécumation Theory and Reliable Communication,
New York: Wiley, 1968.

ey




