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Abstract

Three dependent users are physically separated but communicate with each other via
a satellite. Each user generates data which it stores locally. In addition, each user sends
a message to the satellite. The satellite processes the messages received from the users and
broadcasts one common message to all three users. Each user must be capable of reconstruct-
ing the data of the other two users based upon the broadcast message and its own stored data.
Our problem is to determine the minimum amount of information which must be transmitted
to and from the satellite. The solution to this problem is obtained for the case where subse-
guent data triples that are produced by the users are independent and identically distributed.
The three symbols within each triple are assumed to be dependent. Crucial for the solution
is an achievability proof that involves cascaded Slepian-Wolf [1973] source coding.

Keywords: correlated sources, data-compression, multi-user source coding, multi-user
information theory, satellite communication, Slepian-Wolf coding.

1 Introduction

In this paper we consider a communication network in which each member of a set of users with
dependent data must communicate its data to all other users. The users are physically separated
and communicate with each other via a communications satellite which sends a broadcast mes-
sage back to the users. Our problem is to characterize the set of achievable (in the usual Shannon
Theory sense) uplink and downlink rates.

1.1 Definitions

We will state our results for the case of three users. The results easily generalize, however, to an
arbitrary (finite) number of users. We start with a description of the model (see figure 1).
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Figure 1. Three users (groundstations) communicating via a broadcasting satellite.



Let{Xn, Yn, Zn},n=1,2,---, be a sequence of independent drawings of the random triple
(X, Y, Z) which takes values in the finite s&étx Y x Z. Let

QX,y¥,2) =PriX=x,Y=Vy,Z=2z},xe X,ye)V,ze Z, (1)

thusH(X,Y, Z2) = Zx’y’z —Q(X,Y,2)logQ(x, Yy, z), etcetera.

There are three "users” which have available as data sequéXggs{Yn}, and{Z,}, n =
1,2, -, respectively. We will informally refer to the users as thé-tser”, "Y-user”, and Z-
user”. Each user must communicate its data to the other users by sending a message to the
satellite, which will in turn send a single "broadcast” message to the three users. Based on its
own data and the broadcast message, each user must be able to reconstruct the data corresponding
to other users with high reliability.

For a sequencéun}, n = 1,2,---, andN = 1,2,--- let uN denote the finite vector
(ug, Ug, ---,upn). Also for positive integerdM, let 7y denote the sefl, 2, ---, M}. We now
formally specify our problem.

A "code” with parametergN, My, My, Mz, Ms, Pe) is defined by a set of seven mappings
{&x, ey, &, S, dy, dy, dz}, where the "uplink encoder” mappings

e @ AN Ty,
ey 1 YN = I,
e : 2N > Iy, (2)
the "satellite” mapping
S:1Iwm, X IMy x Im, = T, (3)
and the "decoder” mappings
de @ AN x Ty, — YN x zN,
dy yN x Img — zZN N,
d, : ZNXIMS—>XNXJ}N. (4)

Let XN, YN andzN denote the random variables corresponding to the sequences that are pro-
duced by the sources. Assume that the uplink messages are

Wy = ex(XN,
Wy, = ey (YY),
W, = e(ZN). (5)

Let the downlink broadcast message be
Ws = s(Wx, Wy, Wy). (6)

Finally let .
(YN, ZNy = dy (XN, W) )
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be theX-user estimate ofYN, ZN). Similarly let theY-user estimate and-user estimate be

(ZNXN) = dy(YN, W),
(XN YNY = dy(ZN, We). (8)

The "error probability” is defined as
Pe = Pr{(YN.ZMN) (YN, ZM) or 2N XM) # (2N, XM) or (XN YN 2 (XM, YN | (9)

We say that a "rate” quadrupleRy, Ry, Rz, Rs) is "achievable” if for all§ > 0, and allN
sufficiently large, there exists a code with parametdrsMy, My, Mz, Ms, Pe) such that

1
Nlogl\/lx < Rx+3,
1
NlogMy < Ry+3,
1
—logM; < R;+36,
N
1
NIogMS < Rs+5, (10)
and
Pe < 6. (11)

Our problem is to find the set of achievable rate quadruples.

1.2 Statement of result

In this paper we will prove the following theorem:

Theorem 1 The rate quadrupl€Ry, Ry, Rz, Rs) is achievable if and only if

R« = H(X]Y, 2),
Ry > H(Y|Z,X),
R, > H(ZIX)Y),
Ry+ R; > H(Y, Z|X),
R+ R« = H(Z, X]Y),
R+ Ry > H(X,Y|2),
Rs > max[H(Y, Z|X), H(Z, X|Y), H(X, Y|2)]. (12)

Before we will give the proof of the theorem we will make some remarks.



1.3 Remarks

1. The conditions given by the first six inequalities of (12) are not sufficient to communi-
cate(XN, YN zN)y to the satellite. From the Slepian-Wolf method [8], we know that in
addition to these inequalities we would also need

R«+ Ry+ R, > H(X,Y, 2) (13)

to accomplish this. But we do not require that the satellite knows, YN, zN) so there
IS no inconsistency.

2. Suppose that the satellite did in fact kno#N, YN, ZN). Then to communicaterN, zN)
to the X-user from the satellite a rate &f(Y, Z|X) is necessary and sufficient. Similarly
to communicatgZN, XN) to theY-user a rate not smaller tha#(Z, X|Y) is required.
To communicateg XN, YN) to the Z-user rateH (X, Y|Z) is necessary. Theorem 1 as-
serts that all three tasks can be accomplished wisimgle broadcastmessage using a
rate of maxH (X, Y|Z), H(Y, Z|X), H(Z, X|Y)], and in fact the satellite need not know
(XN YN ZNy fully.

2 Proof of theorem 1

The proof consists of a converse result and an achievability proof. The converse is rather straight-
forward. To complete the achievability proof we cascaded two levels of Slepian-Wolf codes.

2.1 Converse

As usual this weak converse starts with a chain of (in)equalities that are centered around Fano’s
inequality (a):

HOYN, ZN XN, we, (YN ZN))

HYN, ZN (YN, ZNy)

HYN, ZN XN, wg)

<
@ N =N
< h(Pex) + Pexlog(| V"I 2] — 1)
< log2+ NPRelog||X[[|VIIIZ]l = NA(Pe, N), (14)
where A
P, 2 Pr{(YN, ZNy = (YN, zN)}, (15)
and loq 2
o)
AR N) £ 235+ - log | X121 (16)
Note thath(-) is the binary entropy function. Similarly we obtain
HZN, XN YN W) < NA(Pe, N,
HXN, YNIZN, Ws) < NA(P, N). (17)
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Now we continue with

log My H (W)

I (Wy; XN YN, zN)

HXNIYN, ZNy — HXNYN, zN, wy)

QO NHXIY, 2) = HOXMNYN, Wy, ZN, W, Wy, W)
NH(X]Y, Z) — HXN, YNz, wy)

vV 1V

> N(HX]Y, Z) — A(Pe, N)), (18)
where (b) follows from (5) and (6). Finally (c) follows from (17). In the same way we obtain

logMy > N(H(Y|Z, X) — A(Pe, N)),
logM; > N(H(Z|X,Y) — A(Pe, N)). (19)

Next we proceed with

log My M, H(Wy, W)

I (W, Wy; YN ZN XN

HYN, ZNxNy — HeyN, zNxN wy, wy)

NH(Y, Z|X) — HYN, ZN XN W, Wy, Wy, We)

NH(Y, Z|X) — HYN, ZN|xN, wg)

N(H (Y, Z|X) — A(Ps, N)). (20)

(A

v v

Analogously we find that

logM;My > N(H(Z, X|Y) — A(Pe, N)),
logMxMy > N(H(X,Y|Z) — A(Pe, N)). (21)
Next
logMs > H(Ws)
> 1 (Ws; YN, ZN XNy

HYN, ZN XNy — HeyN, ZNixN, wg)

N(H (Y, Z|X) — A(Pe, N)), (22)
and in the same way
logMs > N(H(Z, X|Y) — A(Pe, N)),
logMs > N(H(X,Y|Z) — A(Pe, N)). (23)

Finally from (18) we obtain that an achievable quadruii®e, Ry, R;, Rs) satisfies

Rx + 46 > > H(X]Y,Z) — A(Pe, N) > H(X]Y, Z) — A5, N) (24)

log My
N
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forall 5 > 0 and allN large enough. Note that(s, N) — 0 for§ — 0 andN — oo. This
implies that

for all achievable rate quadrupléBy, Ry, Rz, Rs). In the same way we obtain the other inequal-
ities in the statement of the theorem. This concludes the proof of converse.

2.2 Achievability proof

The achievability proof is based on Slepian-Wolf source coding techniques [8] (see also Cover
[3]). It consists of two parts.

The first part deals with the "uplink codes”. Note that the issue of constructing uplink codes
is also considered by Cover, El Gamal, and Salehi [4]. These authors modeled the transmission
links to the satellite as a multiple acces channel. Here we assume that these links are noiseless.

In the second part the construction of the "dowlink code” is discussed. The important feature
of this code is that the downlink signal carries three information streams simultaneously, while its
rate is only determined by the rate of the "largest” stream. A similar phenomenon was discovered
by Sgarro [7] when he investigated source coding with side informatise\araldecoders. It
would be interesting to know whether and how Sgarro’s result covers ours. The major problem
in finding this out is that Sgarro’s approach can only work if the satellite krnéis YN, and
ZN however.

2.2.1 The uplink codes

Fix e > 0. Let AN (X, Y, Z) be the set of jointly:-typical (xN, yN, zN)-sequences (for defini-
tions see e.g. Cover and Thomas [5], chapter 14).

Consider a random partitioning?1, A, - - -, Am, } with rate Ry = (log My)/N of the set
XN, More precisely let

1
Pr{xN eAm}:M—form:1,2,~--,Mx andxN e xN. (26)

X
In the same way create a random partitionfg, By, - - -, Bu,} with rate Ry = (log My)/N of
the setyN and a random partitioninfCy, Co, - - -, Cwm,} with rate R, = (log Mz)/N of the set
zN,

User X now observes the source sequem?!edeterminesux such thaxN ¢ A,,, and sends
this "bin index” wy to the satellite. Similarly use¥ and useiZ send the bin indices)y andw,
respectively to the satellite.

If the X-user knewwy and wy it could try to determineyN andzN by choosing the pair

(yN, zN) such that
N, (YN ZN)) € AN (X, Y, Z) and(yN, ZN) € A, x Ay, @27)

If there is no unique pai(ryN’,\zN) or no pair at all that satisfies (27), us¢€declares an error. We
call this anuplink error. For the uplink error probability averagedver the ensemble of random

1The "overlines” in definition (28) denotes averaging over this ensemble.
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partitionings{Aa, Az, - - -, Am,}, {B1, Bz, - - -, Bw,}, and{Cy, Ca, - - -, Cy}

Pexu = P (YN, ZN) 2 (YN, ZM) | (28)
we can show (see appendix A) that
Pexu < 2e, (29)
for sufficiently largeN, provided that
Ry > H(I[Z, X)+ 3,
R, > H(ZIX,Y) + 3,
Ry+ R, > H(Y, Z|X) + 3e. (30)

Similarly for the two other uplink error probabilities (averaged over the ensemble of random
partitionings) we obtain for large enoudshthat

Pey = PH{ZNXN) # @2V, XM = 2,
Pezuéﬁr{(xﬂN);é(xN,YN)} < 2, (31)
if in addition to (30)
R« > H(X]Y, Z) + 3e,
Rz + Ry > H(Z, X]Y) + 3¢,
Re+ Ry > H(X, Y[Z)+3e. (32)

Hence the total uplink error probability averaged over the ensemble of random partitionings
{A17 A29 ] AMX}1 {Bl9 827 T BMy}1 and{Cla C25 ] CMS}

(1>

Peu = Pr{ONZN) 2 (YN, ZM) 0r @V XN) # 2N XMy or (X YN 2 (XM, YY) |

< 6e (33)

for N large enough, since it satisfi®s y, < Pexu + Pey,u + Pexu, if Rx, Ry, andR; satisfy (30)
and (32).

Finally we conclude that for alN large enough there must exist uplink codes (partitionings
{A1, A2, -+, Awy), (Ba, Ba, - -+, By, and{Cq, Cy, - - -, Cpn,}) with rates satisfying (30) and
(32), that achieve total uplink error probabiliBg , < 6¢. Equivalently there exist uplink codes
with rates satisfying (30) and (32), that achieve total probabRiy< 6¢ if the downlink rate
Rs = R« + Ry + R;. In what follows we will show that also raté% equal to the maximum of
H(Y, Z|X), H(Z, X|Y), andH (X, Y|Z) will suffice. Note that this is in general smaller than
Rx + Ry + Rs.



2.2.2 The downlink code

For all sufficiently largeN fix certain partitioningg A1, Az, - -+, Am, }, {B1, B2, - - -, Bwm, }, and
{C1,C2, -+, Cwm,}, i.e. fix the uplink codes. Note thaty, Wy, andW, are the uplink messages
that are produced from the data sequernxfsYN, andzN, respectively.

Now we can define the sets (one for each valublpf

Wyz(xN) 2 {(wy, wp) 1 3N, 2N, yN € By, 2N € Cyy

(xN,yN,zN)eAgm(x,Y,Z)}. (34)

Also consider similarly defined sex,x(yN) andWXy(zN).
Now, again for eaclN, we create a random partitionii®1, Do, - - -, D) with rateRs =
(log Ms)/N of the setZy, x Im, x Zm,. More precisely let

1
Pr{(wx, wy, wz) € Dm} = v form=1,2 ..., Msand(wyx, wy, wz) € Zm, x Zm, X Zm,.
) (35)
The satellite, upon receiving the three bin indiags wy, andw,, determines the super index
ws such thatwy, wy, w;) € Dy, and sends (broadcasts) this indexto all three users.

Consider theX-user. Since it knowsN and the indexwy such thatxN e A, , it can
determine the index paiwy, w;) such that

(wy, wz) € Wyo(xN) and(wy, (wy, wz)) € Dy, (36)

from ws. If a pair satisfying (36) can not be found or if it is not uniquel@wvnlink erroris
declared by theX-user. For the corresponding downlink error probability averaged over the

ensemble of random partitioning®1, Dy, - - -, Dm}
Pexd = Pr{(W,, Wy) # (Wy, Wy)) (37)
we can show (see appendix B) that
Pexd < 2e, (38)
for N sufficient large, provided that
Rs > H(Y, Z|X) + 3e. (39)

Similarly for the other downlink error probabilities we obtain

A

Peyd 2 Pr{(Wg, W) # (W, W)} < 2,
Pezd = Pr{(We, Wy) # (W, W)} < 2, (40)

for sufficiently largeN, if

Rs
Rs

H(Z, XIY) + 3¢,
H (X, Y|Z) + 3e. (41)

vV 1V
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Thus for the total downlink error probability averaged over the ensemble of random parti-
tionings{D1, Do, - - -, Dy} we get

Ped = Pri(wy, Wy # (Wy, W) or (W, W) # (Wa, W) OF (Wi, Wy) # (Wi, Wy))
< 6e (42)

for N large enough, SinCBe g < Pexd + Pey,d + Pexd, if Rs satisfies (39) and (41).
Therefore we conclude that there exists a downlink code (partitiofiDg) Do, - - -, D}
with rate satisfying (39) and (41), that achieves total downlink probaliity < 6¢ provided
that
Rs > max[H (Y, Z|X), H(Z, X|Y), H(X, Y|2)] + 3e. (43)

2.2.3 Total error probability

Assume that for the uplink codes we take the uplink r&@gsRy, and R; satisfying (30), and
(32). Then there exist uplink codes with total uplink error probabigy, < 6e.

Given these uplink codes, there exist downlink codes with rates satisfying (39) and (41) that
result in a total downlink error probabilitife ¢ < Ge.

Furthermore note that if there occur no errors in the uplink part of the system and if there
occur no errors in the downlink part then all users have correctly reconstructed the data sequences
of the other two users. Hence there exists uplink and downlink codes that achieve total error
probability

Pe < Peu+ Ped < 1%, (44)

for all N large enough. Letting | O proves the achievability of rate quadruples satisfying the
inequalities in the statement of the theorem.

3 Discussion

1. Itis clear from the achievability proof that the uplink codes are based on standard Slepian-
Wolf [8] techniques (random binning as proposed by Cover [3]). Interesting is that the
downlink code is a codeascadedver the uplink code. The techniques that are used for
the downlink code construction can again be regarded as Slepian-Wolf methods. Again
random binning is involved and the s]eiyz(x’\') is similar to a set of jointly typical se-
guences. The fact that the achievability proof involgeacatenatiorof two Slepian-Wolf
codes is maybe the most remarkable property of this paper.

2. So far we have not considered fleedbaclcase. Instead of transmitting a single message
to the satellite, each user can send a first message to the satellite, wait for a return message
from the satellite, and depending on this return message send a second message to the
satellite, receive a second return message, depending on this message send a third message,
etcetera. We call this a scenario with feedback. More precisely assume that=fty B,
the b-th uplink messag#\V p is determined by the source sequedc® and all messages
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WSbIl 2 Ws 1, Ws 2, - - -, Ws p—1 from the satellite that were received before, hence we
have for the uplink messages

Wip = ecp(XN, Woh,
Wyo = eyn(YN, WoTH),
Wep = en(ZN, WO, forb=1,B. (45)

Similarly for the downlink messages we get

Web = S(Wy . WP 1, WP ), forb =1, B, (46)
whereW)*(’,1 2 Wy 1, W 2, - - -, Wy p, etcetera. Finally let

(YN, ZN) = de(XN, W),
(ZN, XNy = dy (YN, W),
(XN YN) = d(ZN, W), (47)

In appendix C itis shown that in the feedback scenario the set of achievable rate quadruples
is the same as in the non-feedback case.

. Fortwo usersK andY, a rate triple(Ry, Ry, Rs) is achievable if and only if

Rx > H(X]Y),
Ry > H(Y[X),
Rs > max[H(Y|X), H(XY)]. (48)

As an example, suppose th&, Y) is the "binary symmetric source”, i.&f = ) = {0, 1}
and L .
—Po MX=Y,

Q(x,y)_{ Po if X £vy.
Then from the results of &ner and Marton [6], it is possible to communicate to the
satellitezN = XN @ YN (where® denotes symbol-wise modulo two addition) using
Rx = Ry = h(po) (whereh(po) = —polog po — (1 — po) log(1 — po)). SinceH (ZN) =
N h(po), the satellite can simply broadcast an encoding ¥f(usingRs = h(po)), and the
X-user can recoverN (= XN @ zN), and theY-user can recovexN. Thus the rate triple
R« = Ry = Rs = h(pop) is achievable, consistent with theorem 1. But th@mer-Martin
result does not generalize. Perhaps our results sheds some light on their problem.

(49)

. The survey-paper of Berger [2] reported about the progress in the area of multi user source
coding that was made in a very active period before 1977. More recently interest in this
area is increasing again. E.g. in Yeung and Zhang [12] and Ahlswede et al. [1] source
networks are considered in which a number of information sources are to be multicast
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to certain sets of destinations. In multicasting it is usually assumed that all sources are
independent. Very recently however, at the 2001 ISIT, Song and Yeung [9] presented
results for multicast networks with dependent sources. This research is very much related
to the problem that we have investigated here.

Epilog

Aaron Wyner and Jack Wolf formulated the problem that was addressed in this paper in the
middle of the eighties. During a lecture at Philips Research Laboratories in April 1988 Jack
Wolf mentioned the problem and presented results for the two-user case. After this lecture the
three authors teamed up and were able to solve the general case. The result was presented first
at the 1989 IEEE Information Theory Workshop at Cornell by Aaron Wyner [10] and later at

the 1990 IEEE International Symposium on Information Theory in San Diego by Frans Willems
[11]. Aaron Wyner died before this research could be written up for publication. The publication

of a special issue of the Information Theory Transactions commemorating Aaron Wyner turned
out to be a good opportunity to submit this result after all.

Acknowledgement

The authors thank the Associate Editor Shlomo Shamai and the anonymous reviewers for their
constructive remarks and suggestions.

Appendix A: An upper bound for Pey
Define the events

Eo = {(xN, YN, ZNy ¢ AN(X, Y, Z)} ,

E, = {ay“ £ YN BN = BiYN) and(XN, 9V, zN) € AN(X, Y, Z)},
E, = {az’\' £zZN:c@) = c@Nyand(xV, YN, 2Ny e AN(X, Y, Z)},
Ero = {3@N £ YN 2N £ ZMN) BN = BYM). c@V) =c@zh),

and(XN, §N, 2Ny e AN(X, Y, Z)},
(50)

whereB(yN) denotes the bin index ofN andC(zV) the bin index ofzN. Note that the source
outcomesXN, YN andzN are random variables but so are the "mappinBé) andC(-).

We get an error if XN, YN, ZNy is not in AN (X, Y, Z) or if there is another typical triple
(XN, N zNy with §N andzN in the same bins a¢N andzZN respectively.
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By the union bound

I:)ex,u = ﬁr{ EO U E1 U E2 U E12}
< Pr{Eo} + Pr{E1} + Pr{E2} + PrH{E12}. (51)

We first consideEg. The law of large numbers implies (see Cover and Thomas [5], Theorem
14.2.1) that for sufficiently larg®l

Pr{Eo} <, (52)
for anye > 0. Now we can bound the other three terms. For the second term we get
PHEy = ﬁ{ay'\‘ 2 YN BN = B(YNy and(xN, gV, ZN) e AN (X, Y, Z)}
< Y opeMyN 2N > PB(IM) = By™))
XN’yN’ZN yN#yN

XN yN zN) e AN (X,Y,2)

< > pexNoyN 2Ny exp—NR)IIAMN (v 12N, xN))|
XN,yN,ZN
Y exp(—NR,) exp(N(H(Y|Z, X) + 2¢)
< exp(—Ne), (53)

if Ry > H(Y|Z, X)+3¢. Note that &) follows from [|.A™ (Y|zZN, xN) || < exp(N(H (Y|Z, X)+
2¢), see e.g. Theorem 14.2.2 in [5]. In the same way we can show that also
PH{E3)}
Pr{E12}

exp(—Ne),
exp(—Ne), (54)

=
=

provided thatR, > H(Z|X,Y) + 3¢ andRy + R, > H(Y, Z|X) + 3¢. We finally conclude that

Pe)(’u <€+ 3eXIZI—N6) < 26, (55)
for N sufficiently large, if only
Ry > H(I|Z, X)+ 3,
R, = H(ZIX,Y) + 3,
Ry+ R, > H(Y, Z|X) + 3e. (56)

Appendix B: An upper bound for Pey g

Define the events

Es = {(Wy, W) ¢ Wy (XM},
Es = {a(a)y, wz) # (Wy, Wz) @ D(Wx, wy, wz) = D(Wyx, Wy, W)
and(iy, ;) € Wy(XM)},  (57)
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whereD (wx, wy, wz) denotes the bin index d@fvy, wy, w;). Note that the mappin®(., -, -) is
a random variable. Observe that the)s\é}z(x'\‘) plays a similar role as the set of jointly typical

sequencest™ (Y, z|xN). Later this will even become more clear. The method that we follow
here is actually a Slepian-Wolf [8] (-Cover [3]) method.

We get an error if(Wy, W,) is not in Wyz(xN) or if there is another paitwy, w,) €
WyZ(XN) which, together with\Vy, is in the same bin a@MNy, Wy, W,).

By the union bound

Pexd = P{E3 U E4} < Pr{E3} + Pr{E4)}. (58)

We first considelEs. Observe that if a data sequence triptd', yN, 2Ny ¢ AN (X, Y, 2)
occurs, the corresponding message paijf, w;) € Wyz(xN). Therefore we conclude (see Cover
and Thomas [5], Theorem 14.2.1) that

Pr{Es} < PHOXN, YN, ZN) ¢ AV (X, Y, 2)) < e, (59)
for sufficiently largeN, for anye > 0. For the second term we get
PH{Es} = Pr{3(y, wz) # (Wy, Wy) 1 D(Wy, Wy, Wz) = D(Wx, Wy, W)
and(iy, ;) € Wy(XM},
< > peMyNZNy YT PHD (W, by, ) = D (W, Wy, Wy)}

xN,yN zN (Dy.iz)#(Wy. W)
(Tbyawz)GWyz(xN)

< Y pOMN YN 2N exp(—N R Wy (xM) |
XN,yN,ZN
B)
< exp(—NRs) exp(N(H (Y, Z|X) + 2¢)
< exp(—Ne), (60)

if Rs > H(Y, Z|X) + 3¢. Note that ) follows from [Wy.(xN)|| < AN (v, ZxV)| <
exp(N(H (Y, Z|X) + 2¢), see again e.g. Theorem 14.2.2 in [5].
We finally conclude that

Pexd < € + exp(—Ne¢) < 2, (61)

for N sufficiently large, if only
Rs > H(Y, Z|X) + 3e. (62)
Appendix C: Achievable rate quadruples in the feedback case

In this appendix we will show that when a feedback scenario is allowed the set of achievable
rate quadbruples is not larger than in the non-feedback case. To do so we only have to adjust the
converse that was given in subsection 2.1. We briefly show the steps that are different.
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We first show, using Fano’s inequality, that also
HYN, ZNIxN, W2) <log2+ NPR:log || X[[| VI Z] = NA(Pe, N), (63)

and similar inequalities hold far (ZN, XN|YN, W2)) andH (XN, YN|ZN, w8).
Assume thaWy p € {1, 2, -- -, My p} for b = 1, B, etcetera. Now we continue with

Y logMxb = Y H(Wp) = HWS)
b=1,B b=1,B
LWy XNIYN, ZN)
HOXNIYN, ZN) — HXN YN,z wigy)

~
<
-

NH(X]Y, Z) = HOXN YN, W, ZN W, wd wd
N Ny—>N B
NH(X]Y, Z) — H(XN, YN ZN wE))

v v

where {) follows from (45) and (46). In the same way we obtain lower bounds for the sums
> b—18/0g9Mypand}_, , glogMzp. Next we proceed with the sum

Z logMy pbMzp > Z H(Wy.b, Wzp) > H(WyB,l’ W)
b=1.B b=1.B

LWy, Wep YN, ZN XY
HOYN, ZN XNy — HeY™, zZNxXN, wigy, wy)

= NH(Y, Z|X) — HeYN, ZNxN owe, wi, we we))
> NH(Y, Z|X) — H(YN, ZN XN, wg)
> N(H(Y, Z|X) — A(Pe, N)), (65)

and equivalently we get bounds fdr,_; glog M pMxpand) ,_; glog My pbMy . Next

> logMsp = > H(Wsp) = HWE)
b=1.B b=1.B

LWEp; YN, ZN XN
HYN, ZN XNy — HeYN, ZN XN, we))

and in the same way we obtain two more lower boundfgr ; g log Msp. Finally from (64)
we obtain that an achievable quadrupi, Ry, R;, Rs) satisfies

> b=1.8 109 My p
N

Ry +6 > > HX|Y, Z) — A(Pe, N) > H(X]Y, Z) — A(§, N) (67)
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for all § > 0 and allN large enough. Note that in the definition of achievability for the feedback
scenario (10) we should replace I by > "_; g Mx b, etcetera. Observe that(s, N) — 0
for§ — 0 andN — oo. This implies that

Rx = H(X]Y, 2), (68)

for all achievable rate quadrupléBy, Ry, R, Rs). Etcetera.
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