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Abstract

A measure for the twist of Gaussian light is expressed in terms of the second-order moments of
the Wigner distribution function. The propagation law for these second-order moments between
the input plane and the output plane of a first-order optical system is used to express the twist
in one plane in terms of moments in the other plane. Although in general the twist in one plane
is determined not only by the twist in the other plane, but also by other combinations of the
moments, several special cases exist for which a direct relationship between the twists can be
formulated. Three such cases, for which zero twist is preserved, are considered: (i) propagation
between conjugate planes, (i) adaptation of the signal to the system, and (iii) the case of
symplectic Gaussian light.
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1 Introduction

In recent years there has been some interest in the twist of Gaussian light [1, 2, 3, 4, 5, 6, 7]. In
this paper we consider the propagation of this twist in first-order optical systems and we use the
Wigner distribution function as a mathematical tool to do so. Preliminary versions [8, 9] of this
paper were presented at ICOL '98, the International Conference on Optics and Optoelectronics,
Dehradun, India, 1998, and at ICO-XVIII, the 18th Congress of the International Commission
for Optics, San Francisco, CA, 1999.

In Section 2 we first represent Gaussian light by means of its cross-spectral density and
by means of its Wigner distribution function. Moreover, we introduce the moments of the
Wigner distribution function and we define a measure for the twist, based on these moments.
In Section 3 we introduce a first-order optical system, and describe its input-output relationship
in terms of a ray transformation matrix as well as in terms of its coherent point-spread function.
The propagation of the moments of the Wigner distribution function through first-order optical
systems is presented in Section 4, which section leads to a general relationship between the twist
in the output plane and the moments in the input plane, and vice versa. Although the general
relationships do not show an easy interpretation, they will form a basis to consider some special
cases in Section 5.

Before we start, we make some remarks about notation. We throughout consider an optical
signal in a plane: = constant; the signal thus depends on the transverse coordinatesy,



only, which coordinates are combined into a 2-dimensional column vectbne spatial-fre-
quency variable is denoted by the 2-dimensional column vegterhereas the temporal-fre-
guency dependence of the optical signal will not be taken into account, since it is not relevant in
the context of this paper. While vectors are denoted by bold-face, lower-case characters, matrices
are throughout be denoted by bold-face, upper-case characters. Finally, the supeisaspt

to denote transposition of vectors and matrices.

2 Representation of Gaussian light

The cross-spectral density [10, 11, 12] of the most general partially coherent Gaussian light can
be written in the form [13]

1 t =
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where we have chosen a representation that enables us to determine the Wigner distribution
function of such light in an easy way. The exponent shows a quadratic form in which a 4-
dimensional column vectof(r; + r2)t, (r1 — re)t]? arises, together with & x 4 symmetric
matrix. This matrix consists of four real x n submatrice$;, Gy, H, andH?, where, moreover,
the matrices5; and G, (as well as the matrixsc, — G;) are positive definite symmetric. The
special form of the matrix is a direct consequence of the fact that the cross-spectral density is a
nonnegative definite Hermitian function [11, 12].
In a more common way, the cross-spectral density of Gaussian light can be expressed in the
form
F(rl, rg) = v/det G1 exp{—i(rl — rg)t(GQ — Gl)(rl — rg)}

X exp{—%r’i[Gl —it(H+H"r} )

X exp{—lrtz[Gl + z%(H + Ht)]rg}

X exp{—ir‘iz’(H —HYra}.
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Note that the asymmetry of the mattikis a measure for the twist [1, 2, 3, 4, 5, 6, 7] of Gaussian
light, and that general Gaussian light reduces to zero-twist Gaussian Schell-model light [14, 15],
if the matrixH is symmetricH — H? = 0. In that case the light can be considered as originating
from spatially stationary light with a Gaussian cross-spectral deaxﬁ)f(—i(rl —19)(Gy —
G1)(r1 —r2)}, modulated by a Gaussian modulator with modulation funotign{ —1r(G; —
iH)r}. Note that the matrixs; represents the Gaussian-shaped intensity profile of the light, the
matrix Go — G; the Gaussian-shaped coherence properties of the light (with the light completely
coherent ifG, — G; = 0), and the matribH the curvature of the light.

In terms of the Wigner distribution function [16], which is defined as the spatial Fourier
transform of the cross-spectral densifyr + 1r’,r — 2r’) with respect to the difference
coordinate’ [13, 17, 18],

F(r,q) :/ D(r+ 3r',r — 3r')exp{—iqr'}dr’, (3)
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Gaussian light can be represented as [13, 19, 20]
det Gy _ r 1°7 Gy +HG;'H! —HG;' ][ r
F 4 — 2 2 : 4
(rvq) de tGQ ( |: q :| |: —Gngt G;l q ( )

Whereas the (Hermitian) cross-spectral denkityi, ro) describes an optical signal in the space
domain, the (real) Wigner distribution functidiy(r, q) describes the signal in a so-called phase
space, i.e. a combined space-frequency domain. The Wigner distribution function thus resembles
the ray concept in geometrical optics, where the position and direction of an optical ray are given
simultaneously, too. In a way; (r, q) is the amplitude of a ray that passes through the position
and has a direction (or spatial frequenqy)

The2n x 2n real symmetric matrisM of normalized second-order moments of the Wigner
distribution function is defined by [13, 18, 20]

/ / (r,q) drd / / [ gri ad } F(r,q)drd%. (5)

It yields not only such quantities as the commonly known effective spatial width of a light beam,
corresponding to the second-order moments of the spatial variadoie the effective directional
width of the beam, corresponding to the second-order moments of the directional vegyiaibie
also mixed quantities, which follow from the productg andgrt. It can be shown [13] that
the symmetric moment matriM is positive definite; an easy proof of this property is presented
in Appendix A. Note, however, that although positivity of the symmetric moment miskris a
necessary condition for and a consequence from the nonnegativity of the Hermitian cross-spectral
densityI'(ry,r2), it is not a sufficient condition for this nonnegativity. Other and more stronger
conditions have been presented in [21] and [22].

In the case of Gaussian light the moment matixakes the form

R P G, +HG;'"H! —HG;! |7
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and hence

=1G", P=1G/'H, Q=1(G+H'G'H). )

Note that the positive definiteness of the maliXeads to the positivity of the quadratic form

t
2 [ ? } M [ ? ] =r'Gyr + (q+ Hr)'G; (g + Hr) (8)

for any vectorg andq, which immediately leads to the positive definiteness of the mat@ges
andG., as already mentioned.

From Egs. (7) we conclude that the matri€gs G, andH follow directly from the moment
matricesR, Q, andP:

G =3iR! G,=20Q-PR'P), H=R'P. 9)



As a consequence we can express the twistedness of the Gaussian light directly in terms of the
moment matriceR andP:

PR-—RP' =R(H-H")R=1G'(H —H"G;' = 1(H —H")det G; . (10)

3 Description of a first-order optical system

In this section we consider the propagation of Gaussian light through a first-order optical system
[23], described by the input-output relationship [13, 18]

Fyo(r,q) = F;(Ar + Bq,Cr + Dq), (11)

whereA, B, C, andD are reaPk x 2 matrices. For such a first-order optical system a single input
ray, entering the system at the positigrwith directiong;, yields a single output ray, leaving
the system at the positia with directiong,. The input and output positions and directions are
related by the matrix relationship [23]

alorlal-leslla ] a2

The latter relation is a well-known geometric-optical matrix description of a first-order optical
system; thel x 4 ABCD matrix in this relationship is known as the ray transformation matrix
[24]. The ray transformation matrix is symplectic [13, 18, 23, 24], which implies the relations

AB! =BA!, C'A=AC, AD!'-BC'=I, (13)
or, equivalently,
B'D=D'B, DC'=CD!, A'ID-C'B=1. (14)

In a different way, a first-order optical system, like any linear optical system, can be described
by means of the input-output relationship

Fo(r107r20):/ / h(ri0,713)L(r1i, i) W™ (20, M2 dr 13dr o, (15)

where we have introduced the coherent point-spread funationr;). In the case of a first-order
optical system, this coherent point-spread function is proportional to [25]

t
.1 o I—oo Loi lo
exp | is , 16
p<2[ri:||:|—io Lu:||:rz:|> (16)
where the four red x 2 matriced._,,, L.;, Lio, andL;; constitute a matrix. which, without loss
of generality, can be assumed to be symmetric: an antisymmetric gasvotild not contribute

to the quadratic form in expression (16). The relationship between the input and output positions
and directions of a single ray can now be expressed in terms of the md#H:
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The equivalence of the two input-output relationships (12) and (17) allows to express the
elements of the symmetric mattixin terms of the elements of the symplectic ray transformation
matrix T, [25]

Loo=L!,=—B7!A Ly=L,=B"! Ly=L,=-DB, (18)

where we have assumed that the mal®is non-singular. A singular matrig would correspond
to a degenerate form of the quadratic form in expression (16) and would lead to Dirac functions
in the coherent point-spread functiod$r) = lim, . \/a/27mi exp(itax?).

4 Propagation of the moments

The propagation of the moment matrM through a first-order optical system with ray
transformation matriXx can be described by the relationship [13, 18, 20, 26, 27]

M; = TM,T?. (19)

This relationship can readily be derived by combining the input-output relationship (12) of the
first-order optical system with the definition (5) of the moment matridesndM , of the input
and the output signal, respectively.

In terms of the submatrices, B, C, D, P, Q, andR, Eg. (19) takes the form

Ri P A B R, P, |[ A" C

PP Q| |CDJ|P Q|]|B D (20)
and hence

R, = AR,A'+AP,B! +BP.A! + BQ,B!

P, = AR,C'+AP,D!+BP.C'+BQ,D! (21)

Q;, = CR,C'+CP,D!+DP!C'+DQ,D".

Using Egs. (7), (9), and (21), we can formulate relationships between the ma&ic€s,
andH in the input and the output plane. In particular we can express the input twist in terms of
the output matrice&,,, Go,, andH,, and the output twist in terms of the input matri¢@s,
Gy;, andH; (see Appendix B):

Gy (Hi—H)G,' = (A+BH{G, (Ho—H)Gy, (A+BH) 22)
—  (A+BHY)G ! GyB! + BG2,G ! (A +BHY)E.
Gy, (Ho—H()G, = (D—H;B)'Gy; (H; —H})G}' (D — H;B) 23)

+ (D —H;B)'G},'G,B — B'Gy,G;' (D — H;B).
Note that zero twist in the output plarté, = H’, corresponds to zero twist in the input plane,
H; =H!, if

(A+BHY)G/GyB! = BGy,Gy (A+BHY)

(D—H;B)!G;'G2B = B!GyG,'(D—H;B); (24)

in general, however, zero twist is not preserved. Three special cases for which the conditions (24)
are met, are obvious.



5 Special cases

The relationships (22) and (23) show that in general the twist in one plane is determined not
only by the twist in the other plane, i.e. by the combinat®p'(H — H)G[ !, but by other
combinations of the matriceS,, G, andH, as well. However, there are some special cases
in which a more direct relationship between the twists in the input and the output plane can be
formulated.

5.1 Propagation between conjugate plane®® =0

For the special first-order optical system for whigk= 0 [and hence also, due to the condition of
symplecticity, AD! = | andC!A = A’C, see Eq. (13)], i.e. when we consider propagation between
two conjugate planes [28], we have simple relationships between the input and output matrices
Gy, Gy, andH:

Gio = AIGLiA, Goy = AlGyA, H, = ATH,;A — CIA. (25)

These relationships follow directly from combining the matrix relations (7) and (9) with the
propagation relations (21) fd = 0, while using the symplecticity conditions (13) and (14).
Note in particular that, — H, = A’(H; — HY)A = (H; — H!) det A, and that the optical system
does not change the twistedness of the signal: zero twist is preserved.

5.2 Adapted signalsD —H;B=0andA+BH! =0

If B £ 0, simple relationships of the form (25) no longer exist. However, for any first-order optical
system (with the mild conditiodet B # 0) there exists a certain signal for which, again, special
relationships can be formulated.

In the special case that the output signal (with mattiy is adapted to the system according
to

A+BH! =0, (26)

Eq. (22) immediately shows that the input twist is zeg:— H! = 0. We remark that, due to
the symplecticity conditiorAB? = BA! [see Eq. (13)], the adaptation condition (26) implies
B(H, — HY)B! = 0and hencéH, — H!) det B = 0. Similar results follow from Eq. (23) and the
symplecticity conditiorB‘D = D'B [see Eqg. (14)], for the case that the input signal (with matrix
H;) is adapted to the system according to

D—H;B=0, 27)

in which case we havi, — H! = 0and(H; — H!)detB = 0.
Let us assume that the output signal is adapted. If we substitute from Eg. (26) and from the
relationP, = R,H, [cf. Eq. (9)] into Egs. (21), we get

R, = BQ,B'—AR,A

P, = BQ,D'+AR,H,D". (28)



Using the adaptation condition (26) and the symplecticity conditin = DB again, we are
immediately led to the relationship

P,B = R;D. (29)

With P; = R;H; [cf. Eq. (9)], Eq. (29) takes the formR;(D — H;B) = 0, and we conclude that
the input signal is adapted as well, see Eq. (27).

We are thus led to the important conclusion that for every first-order optical system there
exists a signal which is adapted in both the input and the output plane, and has zero twist in these
planes ifdet B # 0. In general, however, a zero-twist signal in one plane does not correspond to
a zero-twist signal in the other plane. It is not too difficult to show that in the case of adaptation
the relationships between the input and output mati@&eandG, again take simple forms:

G, =B'G;;B, G} =B'GyB. (30)

The process of adaptation becomes more clear if we consider the adaptation conditions (26)
and (27) in relation to the input-output description of the first-order optical system by means of
its coherent point-spread function (16). We note that in the case of adaptation the input signal is
indeed adapted to the system in that the curvatiyref the Gaussian input signal cancels one
of the quadratic termg,;; = —DB ™!, in the exponent of the coherent point-spread function, and
that the output signal is adapted in that the curvatdigeof the Gaussian output signal equals
the other quadratic term,,, = —B~!A, in this exponent. The output cross-spectral density thus
becomes proportional to

o (0.)
€Xp {Z% (rioHorlo - rtQOHOrQO)} / / exp {Z (rﬁoLoirU — réoLOir%)}
—00 —0oQ
x exp {—3r1;Guir1i — §(r1i — r2:)"(Gai — Gua) (F1i — ras) — 315 Guil2i } drigdra;

and we note that the integral represents a Fourier transformation, involving only the signal
matricesGy; andG,; and the system matrix,;.

Two examples of first-order optical systems with adapted signals might be instructive. Let us
first consider a Fourier-transform-type system for whick D = 0 andC! = —B~!. Adaptation
then occurs foH; = H, = 0, i.e., for Gaussian beams with zero curvature. Since the system
now performs a Fourier transformation on a real, Gaussian input signal, the output signal will be
real Gaussian, as well, and the output matriGgsare proportional to the inverses of the input
matricesG;, in conformity with Egs. (30).

As a second example we consider a free-space-type system for whicB = |, B = B?,
andC = 0. Such a system can be modeled as a Fourier-transform-type kernel (see above, with the
additional conditiorB = B!) preceded and succeeded by phase-compensating concave-lens-type

I R |

Adaptation now occurs fad; = —H, = B~!, which implies that the input beam is converging

and the output beam diverging. The curvattte= B! of the converging input beam is first
compensated by the concave-lens-type system at the input; the Fourier-transform-type kernel then
transforms the real, Gaussian signal into another real, Gaussian signal; and finally the concave-
lens-type system at the output transforms the beam into a diverging one and takes care of the
output curvaturéd, = —B.



5.3 Symplectic caseG; = 0°G, andH = H*

In the special case th&; is proportional toG,, a zero-twist signal satisfies the conditions (24),

and we conclude that zero twist is preserved. This conclusion is in accordance with the fact that
a signal for whichG; = 0G = 02G, (0 < o < 1) andH = H?, leads to a moment matrix

that is proportional to a symplectic matrix with proportionality factorand that symplecticity

is preserved when such a moment matrix propagates through a (symplectic) first-order optical
ABCD system [13, 20]. Moreover, it has been shown [13, 20] that the proportionality tacsor

a measure of the coherence of the signal, and that the propagation of such a signal is governed
by the bilinear relationship

H; £ iG; = [C+ D(H, +iG,)][A+ B(H, +iG,)] ! (31)
or, equivalently,
H, £iG, = —[D — (H; £iG;)B]7}[C — (H; +iG;)A] (32)

and by the fact that the facterremains constant. In the context of this paper it is important to
conclude that the (zero) twist of symplectic signals is invariant under propagation through any
first-order optical system.

6 Conclusions

In this paper we have introduced a measure for the twist of Gaussian light, expressed in terms
of the second-order moments of the Wigner distribution function, see Eq. (10). Using the
propagation law for these second-order moments between the input plane and the output plane of
a first-order opticaABCD system, see Eq. (21), we were able to express the twist in one plane
in terms of moments in the other plane. These general expressions [see Egs. (22) and (23)] show
that the twist in one plane is determined not only by the twist in the other plane, but also by other
combinations of the moments.

Starting from the general relationships (22) and (23) and focussing on the special cases in
which zero twist is preserved, see Eqgs. (24), we were able to conclude the following.

e For the special first-order opticiBCD system for whichB = 0 — i.e. if we consider
propagation of light between conjugate planes — the twist in one plane is determined
by the twist in the other, and not by other combinations of the moments, see Egs. (25).
Moreover, the relationship between the twists is linear, and a zero-twist signal in one plane
thus corresponds to a zero-twist signal in the other plane. Furthermore we concluded that
Gi1; andGy, are related to each other in a simple way via the system matraad so are
Gg; andGg,, see Egs. (25).

e For a general first-order opticABCD system, zero twist is not preserved. For any first-
order optical system (with the mild conditielet B = 0) there does exist, however, a zero-
twist signal that is adapted to the system in the sense that it corresponds to a zero-twist
signal in the other plane. The adaptation only affects the mitrtke matrice$s; andG,
are not affected, see Eqgs. (26) and (27). Furthermore we conclude@ﬂ;haamdGQ‘O1 are
related to each other in a simple way via the system m8trend so aréss; andG;ol, see
Egs. (30).



e Zero twist is preserved if we put some additional requirements to the maBicasdGs;
in particular we require that the moment matrix is symplectic. In that case zero twist is
preserved (as is symplecticity of the moment matrix, in general) in any first-order optical
system, and the relationship between the input and the output matrices is now elegantly
described by a bilinear relationship, see Egs. (31) and (32).

Although symplecticity might seem rather special, we should realize that symplectic

signals form a large subclass of Gaussian light [13]. Symplecticity applies, for instance,
in (i) the completely coherent case, (ii) the (partially coherent) one-dimensional case, and
(iii) the (partially coherent) rotationally symmetric case.

Appendix A. Positive definiteness of the moment matrix\/

We can easily prove the positive definiteness of the moment mdtristh the help of the input-
output relationship (19). We therefore chooseABTD matrix as follows: (i) the matrix entries
ai1, a2, b11, andbi are chosen arbitrarily, and are combined into the 4-dimensional column
vectort = [a11,a12,b11, blg}t; (ii) the matrix entriesio; andby; are chosen equal to zero; (iii) the
matrix entriesiz, andby, are chosen such thataboy = asebio; (iv) C = 0; and (V)D = (A) !

It can easily be seen that such ABCD matrix is symplectic and, as a consequence, can be
interpreted as the ray transformation matrix of a physically realizable first-order optical system.
We now consider the upper left entry of the matkix in the left hand side of Eq. (19). This
entry, being on the main diagonal lgf; and thus representing the square of an effective width, is
positive. On the other hand, this entry equéld,t, where the vectorcan be chosen arbitrarily.
We thus conclude that the quadratic for'l .t is positive for any vectot, with which we have
proved that the real symmetric moment matvixs positive definite.

Appendix B. Derivation of Eq. (22)

We substitute from Eq. (21) intB;R; — R;P! [cf. Eq. (10)] and get

P.Ri —R;P! = R,(C'A—A'C)R,A" + AR,(C'A—A'C)P,B!
+ AR,(C'B-AD)PIA" + AR,(C'B-A'D)Q,B!
+ AP,(D'A-B'C)R,A"’ + AP,(D'A—B'C)P,B!
+ O(DtB —~B!D)PLAT  + O(DtB — B'D)Q,B!
+ BP!{(C'A—A'C)R,A" + BP!(C'A—A'C)P,B!
+ BPZ(CtB —AD)PLAT  + BPg(CtB —A'D)Q,B!
+ BQ,(D'A-B!C)R,A" + BQ,(D'A - B!C)P,B!
+ BQ,(D'B-B'D)PLA' + BQ,(D'B - B'D)Q,B!.

After substituting from the symplecticity conditions (13) and (14), the latter expression reduces
to

P,R; —RP. = (AP,R,A! — AR,PLAY)
+ (BQ,R,A! — AR,Q B

(AP,P,B! — BP!PLA®)

_|_
+ (BQOPDBt - BPZQoBt)'



We now substitute from the relatiof®, = 1G; ', P, = 4G, 'H, andQ, = (G, + H'G; 'H)

[see Egs. (7)], after which the latter expression takes the form

4(PR; —R;PY) = AG'(H —HH)G A
(AG;'HG['HB! — BH!G[ 'H!G['A")
(BGyG; ‘Al — AG, 'G,B")
(BH'G'HG['A! — AG; 'H!G['HB?)
(BGyG; 'HB! — BH'G|'B?)
BH'G, '(H — H))G| 'HB*

+ 4+ 4+ +

We finally combine terms to get Eq. (22)

4(PR; —RPY) = (A+BHY)G ! (H — HY)G 1 (A + BHY)!
— (A+BHY)G;!GyB! + BGG| ' (A + BHY)".

The author can be reached at the address on the title page, by telephone at +31 40 2473319,
by fax at +31 40 2448375, or by e-mail at M.J.Bastiaans@ele.tue.nl.
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