
Wigner distribution moments
in fractional Fourier transform systems

Martin J. Bastiaans1 and Tatiana Alieva2

1Technische Universiteit Eindhoven, Faculteit Elektrotechniek,
Postbus 513, 5600 MB Eindhoven, Netherlands

2Universidad Complutense de Madrid, Facultad de Ciencias Fı́sicas,
Ciudad Universitaria s/n, Madrid 28040, Spain.

M.J.Bastiaans@tue.nl; talieva@fis.ucm.es

It is shown how all global Wigner distribution moments of arbitrary order in the output
plane of a (generally anamorphic) two-dimensional fractional Fourier transform system
can be expressed in terms of the moments in the input plane. Since Wigner distribution
moments are identical to derivatives of the ambiguity function at the origin, a similar
relation holds for these derivatives. The general input-output relationship is then broken
down into a number of rotation-type input-output relationships between certain combi-
nations of moments. It is shown how the Wigner distribution moments (or ambiguity
function derivatives) can be measured as intensity moments in the output planes of a
set of appropriate fractional Fourier transform systems and thus be derived from the
corresponding fractional power spectra. The minimum number of (anamorphic) fractional
power spectra that are needed for the determination of these moments is derived. As an
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1. Introduction

After the introduction of the Wigner distribution1 (WD) for the description of coherent and partially coherent
optical fields,2 it became an important tool for optical signal/image analysis and beam characterization.3–6

The WD completely describes the complex amplitude of a coherent optical field (up to a constant phase
factor) or the two-point correlation function of a partially coherent field. Since the WD of a two-dimensional
optical field is a function of four variables, it is difficult to analyze. Therefore, the optical field is often repre-
sented not by the WD itself, but by its global moments. Beam characterization based on the second-order
moments of the WD thus became the basis of an International Organization for Standardization standard.7

Some of the WD moments can directly be determined from measurements of the intensity distribu-
tions in the image plane or the Fourier plane, but most of the moments cannot be determined in such an
easy way. In order to calculate such moments, additional information is required. Since first-order optical
systems8 – also calledABC D systems – produce affine transformations of the WD in phase space, the
intensity distributions measured at the output of such systems can provide such additional information.
It was shown9,10 that for these purposes,ABC D systems using cylindrical lenses (anamorphicABC D
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systems) have to be applied. The application ofABC D systems for the measurements of the second-order
WD moments have been reported in several publications.9–14

It is the aim of this paper to show how all WD moments can be measured as intensity moments only; and
since WD moments are identical to derivatives of the ambiguity function15–17at the origin, the same holds for
these derivatives. We therefore consider a particular case of theABC D system: the anamorphic fractional
Fourier transform (FT) system. We show that not only the second-order moments, but all moments of the
four-dimensional WD can be obtained from measurements of only intensity distributions in an appropriate
number of (anamorphic) fractional FT systems. The minimum number of (anamorphic) fractional power
spectra needed for the calculation of all WD moments of an arbitrary order is determined. As a by-product,
moment combinations are found that are invariant under anamorphic fractional Fourier transformation.

2. Wigner distribution and ambiguity function

The Wigner distribution (WD) of a twodimensional functionf (x, y) is defined by

Wf (x, u; y, v) =

∫
∞

−∞

∫
∞

−∞

f (x +
1
2x′, y +

1
2 y′) f ∗(x −

1
2x′, y −

1
2 y′) exp[− j 2π(ux′

+ vy′)]dx′dy′. (1)

The WDWf (x, u; y, v) represents a space functionf (x, y) in a combined space/spatial-frequency domain,
the so-called phase space, whereu is the spatial-frequency variable associated to the space variablex, and
v the spatial-frequency variable associated to the space variabley. We remark that the definition of the
WD – and all the results of this paper – need not be restricted to coherent light, in which casef (x, y)

would represent the complex field amplitude of the light, but can be extended to partially coherent light,
in which case the two-point correlation function of the light can be identified with< f (x +

1
2x′, y +

1
2 y′)

f ∗(x −
1
2x′, y −

1
2 y′)>.

The WD is related to the ambiguity function (AF) defined by

A f (x
′, u′

; y′, v′) =

∫
∞

−∞

∫
∞

−∞

f (x +
1
2x′, y +

1
2 y′) f ∗(x −

1
2x′, y −

1
2 y′) exp[− j 2π(u′x + v′y)]dxdy. (2)

The relationship between the WD and the AF takes the form of a combined forward/inverse Fourier trans-
formation:

A f (x
′, u′

; y′, v′) =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v) exp[− j 2π(u′x − ux′
+ v′y − vy′)]dxdudydv. (3)

In this paper we consider the normalized moments of the WD (or the derivatives of the AF at the origin),
where the normalization is with respect to the total energyE of the signal:

E =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)dxdudydv = A f (0, 0; 0, 0) =

∫
∞

−∞

∫
∞

−∞

| f (x, y)|2 dxdy. (4)

These normalized momentsµpqrs of the WD (or derivatives of the AF) are thus defined by

µpqrsE =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)xpuq yr vsdxdudydv (5)

=
(−1)p+r

( j 2π)p+q+r +s

∂ p+q+r +sA f (x, u; y, v)

∂xq∂up∂ys∂vr

∣∣∣∣
x=u=y=v=0

(6)

=
1

( j 2π)q+s

∫
∞

−∞

∫
∞

−∞

xpyr

×
∂q+s

∂ξq∂ηs
f (x +

1
2ξ, y +

1
2η) f ∗(x −

1
2ξ, y −

1
2η)

∣∣∣∣
ξ=η=0

dxdy
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=
1

( j 4π)q+s

∫
∞

−∞

∫
∞

−∞

xpyr

×

(
∂

∂x1
−

∂

∂x2

)q (
∂

∂y1
−

∂

∂y2

)s

f (x1, y1) f ∗(x2, y2)

∣∣∣∣
x1=x2=x,y1=y2=y

dxdy,

with p, q, r, s ≥ 0. Note that forq = s = 0 we have intensity moments, which can easily be measured:

µp0r 0E =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)xpyr dxdudydv

=

∫
∞

−∞

∫
∞

−∞

xpyr
| f (x, y)|2dxdy, (7)

with p, r ≥ 0.
We remark that the moments of other membersC f (x, u; y, v) of the so-called Cohen class of phase-

space representations,18 which are defined by

C f (x, u; y, v) =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

8(xo, uo; yo, vo)Wf (x−xo, u−uo; y−yo, v−vo)dxoduodyodvo, (8)

are directly related to the WD momentsµpqrs. To show this, it is advantageous to go from the Wigner-
domain representation [see Eq. (8)] to the ambiguity-domain representation

C̄ f (x
′, u′

; y′, v′) = 8̄(x′, u′
; y′, v′)A f (x

′, u′
; y′, v′), (9)

where C̄ f (x′, u′
; y′, v′) and 8̄(x′, u′

; y′, v′) represent the combined forward/inverse Fourier transforms
of C f (x, u; y, v) and 8(x, u; y, v), respectively, defined in a way similar to Eq. (3), and where the
convolution (8) has been replaced by a simple product of8̄(x′, u′

; y′, v′) and the ambiguity function
A f (x′, u′

; y′, v′). Note that there is a wealth of phase-space representations19 that belong to the Cohen
class, each characterized by its own kernel8(x, u; y, v) or 8̄(x′, u′

; y′, v′); the WD itself arises for
8̄(x′, u′

; y′, v′) = 1, of course, while the kernels̄8(x′, u′
; y′, v′) of the Rihaczek distribution, the pseudo

WD [with window functionη(1
2x, 1

2 y)], and the spectrogram [with window functionγ (x, y)] – to mention
only a few well-known phase-space representations – read exp[j π(x′u′

+y′v′)], η(1
2x′, 1

2 y′)η∗(−1
2x′, −1

2 y′),
andAγ (−x′, −u′

; −y′, −v′), respectively.19

The momentsγpqrs of an arbitrary Cohen-class phase-space representationC f (x, u; y, v) now take the
form [cf. Eqs. (5) and (6)]

γpqrs =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

C f (x, u; y, v)xpuq yr vsdxdudydv

=
(−1)p+r

( j 2π)p+q+r +s

∂ p+q+r +sC̄ f (x, u; y, v)

∂xq∂up∂ys∂vr

∣∣∣∣
x=u=y=v=0

=
(−1)p+r

( j 2π)p+q+r +s

∂ p+q+r +s8̄(x, u; y, v)A f (x, u; y, v)

∂xq∂up∂ys∂vr

∣∣∣∣
x=u=y=v=0

=
(−1)p+r

( j 2π)p+q+r +s

p∑
k=0

q∑
l=0

r∑
m=0

s∑
n=0

(
p
k

) (
q
l

) (
r
m

) (
s
n

)

×
∂k+l+m+n8̄(x, u; y, v)

∂xl ∂uk∂yn∂vm

∂ p+q+r +s−k−l−m−n A f (x, u; y, v)

∂xq−l ∂up−k∂ys−n∂vr −m

∣∣∣∣
x=u=y=v=0

= E
p∑

k=0

q∑
l=0

r∑
m=0

s∑
n=0

(
p
k

) (
q
l

) (
r
m

) (
s
n

)

×
(−1)k+m

( j 2π)k+l+m+n

∂k+l+m+n8̄(x, u; y, v)

∂xl ∂uk∂yn∂vm

∣∣∣∣
x=u=y=v=0

µp−k,q−l ,r −m,s−n (10)
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Note that if∂k+l+m+n8̄/∂xl ∂uk∂yn∂vm
|x=u=y=v=0 vanishes fork = 1, . . . , p, l = 1, . . . , q, m = 1, . . . , r ,

and n = 1, . . . , s, then the moments of the general phase-space representationC f (x, u; y, v) up to the
order(p + q + r + s), are identical to those of the WD. Furthermore, for the important special class of
product kernels8̄(x′, u′

; y′, v′) = Sx(x′u′)Sy(y′v′) [with examples the (real-valued) generalized Wigner,
the Rihaczek, the Born-Jordan, the Choi-Williams, and the reduced interference kernels19], we get

∂2k+2mSx(xu)Sy(yv)

∂xk∂uk∂ym∂vm

∣∣∣∣
x=u=y=v=0

=
∂2kSx(xu)

∂xk∂uk

∣∣∣∣
x=u=0

∂2mSy(yv)

∂ym∂vm

∣∣∣∣
y=v=0

= k!m! S(k)
x (0)S(m)

y (0) (11)

while all other derivatives vanish; in that case Eq. (10) reduces to the simpler form

γpqrs = E
min(p,q)∑

k=0

min(r,s)∑
m=0

(
p
k

) (
q
k

) (
r
m

) (
s
m

)
(2π)−(2k+2m)k!m! S(k)

x (0)S(m)
y (0)µp−k,q−k,r −m,s−m. (12)

We conclude that knowledge of the WD moments (or the AF derivatives at the origin) is of vital impor-
tance for all kinds of phase-space signal representations. In this paper we will derive how these moments
(and derivatives) are related to the moments of the fractional FT, and how they can be measured as intensity
moments in the fractional FT domain.

3. Fractional Fourier transform

The (anamorphic) fractional Fourier transform (FT) of a functionf (x, y) is defined by20–24

Fαβ(u, v) =

∫
∞

−∞

∫
∞

−∞

Kα(x, u)Kβ(y, v) f (x, y)dxdy, (13)

where the kernelKα(x, u) is given by

Kα(x, u) =
exp( j 1

2α)
√

j sinα
exp

[
j π

(x2
+ u2) cosα − 2ux

sinα

]
. (14)

We remark thatF0,0(u, v) = f (u, v) represents the function itself, whileFπ/2,π/2(u, v) corresponds to the
normal two-dimensional FT of the functionf (x, y). Note, moreover, thatKα+π (x, u) = Kα(x, −u) and
henceFα+π,β+π (u, v) = Fαβ(−u, −v), thatKα(x, u) = Kα(u, x), and thatK ∗

α(x, u) = K−α(x, u).
The fractional FT can be generated optically by very simple, anamorphic, coherent-optical set-ups,20

see Fig. 1, consisting only of cylindrical lenses whose focal lengths – in combination with some appropriate
sections of free space – are related to the anglesα andβ. If we would choose the configuration in Fig. 1(a),
for instance, we would have a distance 2d between the input and the output plane, and a middle plane in
which two cylindrical lenses are located, with their axes oriented perpendicular to each other: one lens acting
for the x coordinate (with its focal lengthfx determined byα throughd = 2 fx sin2 1

2α) and the other one
(with its focal length fy determined byβ throughd = 2 fy sin2 1

2β) acting for they coordinate. We could
also choose different configurations for thex and y directions, of course. The input-output relationship

Figure 1 somewhere here

Fig. 1.

of such anamorphic fractional FT systems in terms of the so-called ray transformation matrix (orABC D
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matrix),8 where the positionsxi , yi and directionsui , vi of an optical ray in the input plane are related to the
positionsxo, yo and directionsuo, vo of the ray in the output plane, takes the form

xo

yo

uo

vo

 =


Axx Axy Bxu Bxv

Ayx Ayy Byu Byv

Cux Cuy Duu Duv

Cvx Cvy Dvu Dvv




xi

yi

ui

vi

 =


cosα 0 sinα 0

0 cosβ 0 sinβ

− sinα 0 cosα 0
0 − sinβ 0 cosβ




xi

yi

ui

vi

 (15)

or, with a different ordering of the variables,
xo

uo

yo

vo

 =


Axx Bxu Axy Bxv

Cux Duu Cuy Duv

Ayx Byu Ayy Byv

Cvx Dvu Cvy Dvv




xi

ui

yi

vi

 =


cosα sinα 0

− sinα cosα 0 0
0 0 cosβ sinβ

0 0 − sinβ cosβ




xi

ui

yi

vi

 . (16)

One of the most important properties of the fractional FT is that it corresponds to a rotation of the WD
and the AF in the phase space:

WFαβ
(x, u; y, v) = Wf (x cosα − u sinα, x sinα + u cosα;

y cosβ − v sinβ, y sinβ + v cosβ), (17)

AFαβ
(x′, u′

; y′, v′) = A f (x
′ cosα − u′ sinα, x′ sinα + u′ cosα;

y′ cosβ − v′ sinβ, y′ sinβ + v′ cosβ). (18)

Moreover, the fractional power spectra, i.e., the squared modulus|Fαβ(x, y)|2 of the fractional Fourier
transform, is directly related to the WD through a projection operation, and to the AF through an inverse
Fourier transformation:∣∣Fαβ(x, y)

∣∣2
=

∫
∞

−∞

∫
∞

−∞

WFαβ
(x, u; y, v)dudv, (19)

∣∣Fαβ(x, y)
∣∣2

=

∫
∞

−∞

∫
∞

−∞

AFαβ
(0, u′

; 0, v′) exp[j 2π(u′x + v′y)]du′dv′. (20)

Note that the fractional power spectrum is related to the intensity distribution in the output plane of an
anamorphic fractional FT system [see Eqs. (15) and (16)] and therefore can easily be measured in experi-
ments.

In the remainder of the paper we will concentrate on the WD and its moments; the results for the AF
and its derivatives at the origin are identical, see Eqs. (5) and (6).

4. Moments in the fractional domain

On the analogy of Eq. (5), we now define normalized momentsµpqrs(α, β) in the fractional domain and
relate these to the original momentsµpqrs = µpqrs(0, 0):

µpqrs(α, β)E =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

WFαβ
(x, u; y, v)xpuq yr vsdxdudydv (21)

=

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x cosα − u sinα, x sinα + u cosα;

y cosβ − v sinβ, y sinβ + v cosβ)xpuq yr vsdxdudydv

=

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)(x cosα + u sinα)p(−x sinα + u cosα)q

× (y cosβ + v sinβ)r (−y sinβ + v cosβ)sdxdudydv,
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with p, q, r, s ≥ 0. The general relationship thus takes the form

µpqrs(α, β) =

p∑
k=0

q∑
l=0

r∑
m=0

s∑
n=0

(
p
k

) (
q
l

) (
r
m

) (
s
n

)
(−1)l+nµp−k+l ,q−l+k,r −m+n,s−n+m

× (cosα)p−k+q−l (sinα)k+l (cosβ)r −m+s−n(sinβ)m+n, (22)

and for the intensity moments in particular we have

µp0r 0(α, β) =

p∑
k=0

r∑
m=0

(
p
k

) (
r
m

)
µp−k,k,r −m,m cosp−k α sink α cosr −m β sinm β. (23)

Note that the total energyE, see Eq. (4), is invariant under fractional Fourier transformation:

E =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

WFαβ
(x, u; y, v)dxdudydv

=

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)dxdudydv. (24)

From the definitions of the normalized moments in the fractional domain, it follows directly that the
xpuq moments (withr = s = 0) are not affected by the fractional Fourier transformation in they-direction
(with angleβ), while theyr vs moments (withp = q = 0) are not affected by the one in thex-direction
(with angleα):

µpq00(α, β) = µpq00(α, 0),

µ00rs(α, β) = µ00rs(0, β).
(25)

Moreover, thexpyr moments (withq = s = 0) can easily be measured as intensity moments again,

µp0r 0(α, β)E =

∫
∞

−∞

∫
∞

−∞

xpyr
|Fαβ(x, y)|2dxdy, (26)

and from the relationship

µpqrs(α, β) = (−1)p+r µqpsr(α +
1
2π, β +

1
2π), (27)

we conclude that theuqvs moments (withp = r = 0) can be measured as intensity moments, as well.

5. Relations between moments in the fractional domain

To find simple relationships between the moments ofWf (x, u; y, v) on the one hand and those of
WFα,β

(x, u; y, v) on the other, cf. Eq. (21), we define25

ξ = x + ju,

η = y + j v,
(28)

ξ(α) = exp(− j α)ξ,

η(β) = exp(− jβ)η,
(29)

and
ξ2k,l (α) = [ξ(α)]k+l [ξ ∗(α)]k

= |ξ(α)|2k[ξ(α)]l ,

η2m,n(β) = [η(β)]m+n[η∗(β)]n
= |η(β)|2m[η(α)]n,

(30)

6



with k, l ≥ 0 andm, n ≥ 0. With ξ2k,l (0) = ξ2k,l andη2m,n(0) = η2m,n, we then have

ξ2k,l (α)η2m,n(β) = exp[− j (lα + nβ)]ξ2k,l η2m,n,

ξ2k,l (α)η∗

2m,n(β) = exp[− j (lα − nβ)]ξ2k,l η
∗

2m,n,
(31)

which equations are equivalent to the rotation operators[
<{ξ2k,l (α)η2m,n(β)}

={ξ2k,l (α)η2m,n(β)}

]
= R(lα + nβ)

[
<{ξ2k,l η2m,n}

={ξ2k,l η2m,n}

]
,

[
<{ξ2k,l (α)η∗

2m,n(β)}

={ξ2k,l (α)η∗

2m,n(β)}

]
= R(lα − nβ)

[
<{ξ2k,l η

∗

2m,n}

={ξ2k,l η
∗

2m,n}

]
,

(32)

respectively, where<{·} and ={·} denote the real and the imaginary part, respectively, and whereR(α)

represents the rotation matrix

R(α) =

[
cosα sinα

− sinα cosα

]
, (33)

corresponding to a clockwise rotation through an angleα. The real and imaginary parts ofξ2k,l η2m,n (and of
ξ2k,l η

∗

2m,n, if necessary, i.e., in the case thatl 6= 0 andn 6= 0) and the corresponding rotation anglelα ± nβ
have been presented in Table 1 for all(2k, l , 2m, n) combinations up to fourth order, i.e., 2k+l +2m+n ≤ 4.

Relationships between the moments in the fractional(α, β) domain and the moments in the original
domain follow from the relations [cf. Eq. (21)]∫

∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

WFαβ
(x, u; y, v)ξ2k,l η2m,ndxdudydv

=

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)ξ2k,l (α)η2m,n(β)dxdudydv

= exp[− j (lα + nβ)]
∫

∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)ξ2k,l η2m,ndxdudydv (34)

and, if necessary,∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

WFαβ
(x, u; y, v)ξ2k,l η

∗

2m,ndxdudydv

= exp[− j (lα − nβ)]
∫

∞

−∞

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

Wf (x, u; y, v)ξ2k,l η
∗

2m,ndxdudydv, (35)

together with the expressions given in Table 1, which results in rotation-type relationships of the form of
Eq. (32). The last row in Table 1, for instance, leads to the relationship[

µ0040(α, β) − 6µ0022(α, β) + µ0004(α, β)

4µ0031(α, β) − 4µ0013(α, β)

]
= R(4β)

[
µ0040− 6µ0022+ µ0004

4µ0031− 4µ0013

]
.

The two vector entries (top entryt and bottom entryb) and the corresponding rotation anglelα ± nβ for all
different cases (up to fourth order) have been given in Table 2.

A. First-order moments

For the first-order moments we get 2 sets of equations, cf. Table 2: 2 equations for thex andu moments
(with the moment indicesr = s = 0),[

µ1000(α, β)

µ0100(α, β)

]
= R(α)

[
µ1000

µ0100

]
(36)
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and 2 equations for they andv moments (with the moment indicesp = q = 0),[
µ0010(α, β)

µ0001(α, β)

]
= R(β)

[
µ0010

µ0001

]
, (37)

which constitute 4 equations for the 4 first-order moments. From the first rows of the two vector-matrix
equations (36) and (37) we get

µ1000(α, β) = µ1000cosα + µ0100sinα, (38)

µ0010(α, β) = µ0010cosβ + µ0001sinβ, (39)

which equations correspond to Eq. (23) withpqrs = 1000 andpqrs = 0010, respectively, and the 4
momentsµ1000, µ0100, µ0010, andµ0001 can be determined by measuring the intensity momentsµ1000(α, ·)

andµ0010(·, β) in the fractional domain for two values ofα andβ, for instance for 0 and12π : µ1000 =

µ1000(0, ·), µ0100 = µ1000(
1
2π, ·), µ0010 = µ0010(·, 0), andµ0001 = µ0010(·,

1
2π).

Note that the following two expressions

µ2
1000 + µ2

0100, (40)

µ2
0010 + µ2

0001, (41)

are invariant under fractional Fourier transformation.

B. Second-order moments

For the second-order moments we get 3 sets of equations, cf. Table 2: 3 equations for thex andu moments
(with the indicesr = s = 0 again),

µ2000(α, β) + µ0200(α, β) = µ2000+ µ0200,[
µ2000(α, β) − µ0200(α, β)

2µ1100(α, β)

]
= R(2α)

[
µ2000− µ0200

2µ1100

]
,

(42)

4 equations for the mixed moments,[
µ1010(α, β) − µ0101(α, β)

µ1001(α, β) + µ0110(α, β)

]
= R(α + β)

[
µ1010− µ0101

µ1001+ µ0110

]
,

[
µ1010(α, β) + µ0101(α, β)

−µ1001(α, β) + µ0110(α, β)

]
= R(α − β)

[
µ1010+ m0101

−µ1001+ m0110

]
,

(43)

and 3 equations for they andv moments (with the indicesp = q = 0 again),

µ0020(α, β) + µ0002(α, β) = µ0020+ µ0002,[
µ0020(α, β) − µ0002(α, β)

2µ0011(α, β)

]
= R(2β)

[
µ0020− µ0002

2µ0011

]
,

(44)

which constitute 3+4+3=10 equations for the 10 second-order moments. From the first rows of the vector-
matrix equations – or directly from Eq. (23) withpqrs = 2000,pqrs = 1010, andpqrs = 0020, respec-
tively – we derive the 3 relationships

µ2000(α, β) = µ2000cos2 α + 2µ1100cosα sinα + µ0200sin2 α, (45)

µ1010(α, β) = µ1010cosα cosβ + µ1001cosα sinβ + µ0110sinα cosβ + µ0101sinα sinβ, (46)

µ0020(α, β) = µ0020cos2 β + 2µ0011cosβ sinβ + µ0002sin2 β. (47)
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The 3 momentsµ2000, µ1100, andµ0200 can be determined by measuring the intensity momentµ2000(α, ·) in
the fractional domain26 for three values ofα, for instance for 0,14π , and 1

2π : µ2000 = µ2000(0, ·), µ0200 =

µ2000(
1
2π, ·), and thenµ1100 = µ2000(

1
4π, ·) −

1
2(µ2000+ µ0200). Likewise, the 3 momentsµ0020, µ0011, and

µ0002can be determined by measuring the intensity momentµ0020(·, β) for three values ofβ, for instance for
0, 1

4π , and1
2π : µ0020 = µ0020(·, 0), µ0002 = µ0020(·,

1
2π), and thenµ0011 = µ0020(·,

1
4π)− 1

2(µ0020+µ0002).
The other 4 momentsµ1010, µ1001, µ0110, andµ0101 follow from measuring the intensity momentµ1010(α, β),
for instance as follows:µ1010 = µ1010(0, 0), µ0101 = µ1010(

1
2π, 1

2π), µ0110 = µ1010(
1
2π, 0), and then

µ1001 = 2µ1010(
1
4π, 1

4π) − µ1010 − µ0110 − µ0101. We conclude that all 10 second-order moments can be
determined from the knowledge of 4 fractional power spectra, where one of them has to be anamorphic (i.e.,
α 6= β), for instance|F0,0(x, y)|2, |Fπ/4,π/4(x, y)|2, |Fπ/2,π/2(x, y)|2, and|Fπ/2,0(x, y)|2.

Note that we have the following 2+2+2=6 invariants, which can directly be derived from Table 2 as
invariants oft2

+ b2:

µ2000 + µ0200, (48)

(µ2000− µ0200)
2

+ 4µ2
1100, (49)

(µ1010− µ0101)
2

+ (µ1001+ µ0110)
2, (50)

(µ1010+ µ0101)
2

+ (−µ1001+ µ0110)
2, (51)

µ0020 + µ0002, (52)

(µ0020− µ0002)
2

+ 4µ2
0011. (53)

Combinations of these expressions lead to more invariants, likeµ2
2000+2µ2

1100+µ2
0200andµ2000µ0200−µ2

1100
for the x andu moments [with similar expressions for they andv momentsµ0020, µ0011, andµ0002], and
µ2

1010+ µ2
1001+ µ2

0110+ µ2
0101 andµ1010µ0101− µ1001µ0110 for the mixed moments.

From De Bruijn’s inequality for the WD of a one-dimensional function,27

∫
∞

−∞

∫
∞

−∞

(
c2x2

+
u2

c2

)m

Wf (x, u)dxdu≥ m!
∫

∞

−∞

∫
∞

−∞

Wf (x, u)dxdu (54)

and choosingc = 1, we conclude that the invariants (48) and (52) have a lower bound of 1. Choosingc2
=

√
µ0200/µ2000 in De Bruijn’s inequality leads to the well-known uncertainty relation 2

√
µ2000µ0200 ≥ 1, and

a similar expression holds for the momentsµ2000 andµ0200.

C. Higher-order moments

For higher-order moments we can proceed analogously, using the expressions given in Table 2. For the third-
order moments we get 4 sets of equations, which yield 4+6+6+4=20 equations for 20 variables. From these
equations we get 4 relationships from which the 20 third-order moments can be determined:

µ3000(α, β) = µ3000cos3 α + 3µ2100cos2 α sinα + 3µ1200cosα sin2 α + µ0300sin3 α, (55)

µ2010(α, β) = µ2010cos2 α cosβ + µ2001cos2 α sinβ + 2µ1110cosα sinα cosβ

+ 2µ1101cosα sinα sinβ + µ0210sin2 α cosβ + µ0201sin2 α sinβ, (56)

µ1020(α, β) = µ1020cosα cos2 β + 2µ1011cosα cosβ sinβ + µ1002cosα sin2 β

+ µ0120sinα cos2 β + 2µ0111sinα cosβ sinβ + µ0102sinα sin2 β, (57)

µ0030(α, β) = µ0030cos3 β + 3µ0021cos2 β sinβ + 3µ0012cosβ sin2 β + µ0003sin3 β. (58)

Note again that these relations could as well have been derived directly from Eq. (23) withpqrs = 3000,
pqrs = 2010, pqrs = 1020, andpqrs = 0030, respectively. The 20 third-order moments can be deter-
mined from the knowledge of 6 fractional power spectra, where 2 of them have to be anamorphic.
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We remark throughout the correspondence between the moment indicesp, q, r , ands on the one hand,
and the powers of cosα, sinα, cosβ, and sinβ on the other hand, respectively. Moreover, the numerical
factor in front of the moments corresponds to the number of variables permutations that lead to identical
moments; for instance, the momentµ2100, stems from three possible permutationsxxu = xux = uxx. This
observation leads to an easy way [cf. Eq. (23)] to find equations of the above type, without using Table 2.
To construct Eq. (56), for example, we would proceed as follows. We first note that the momentµ2010(α, β)

in the left-hand side stems fromxxy. The moments that will appear in the right-hand side then stem from
xxy (leading toµ2010cos2 α cosβ) and from all the variables combinations that result from interchangingx
with u, andy with v: xxv (leading toµ2001cos2 α sinβ), xuy = uxy (leading to 2µ1110cosα sinα cosβ),
xuv = uxv (leading to 2µ1101cosα sinα sinβ), uuy (leading toµ0210sin2 α cosβ) and uuv (leading to
µ0201sin2 α sinβ). This procedure can, of course, be applied to higher-order moments, as well.

For the fourth-order moments we get 5 sets of equations, which yield 5+8+9+8+5=35 equations for
35 variables. From these equations we can derive 5 relationships from which the 35 fourth-order moments
can be determined [cf. Eq. (23) withpqrs = 4000, pqrs = 3010, pqrs = 2020, pqrs = 1030, and
pqrs = 0040, respectively]:

µ4000(α, β) = µ4000cos4 α + 4µ3100cos3 α sinα + 6µ2200cos2 α sin2 α

+ 4µ1300cosα sin3 α + µ0400sin4 α, (59)

µ3010(α, β) = µ3010cos3 α cosβ + µ3001cos3 α sinβ + 3µ2110cos2 α sinα cosβ

+ 3µ2101cos2 α sinα sinβ + 3µ1210cosα sin2 α cosβ + 3µ1201cosα sin2 α sinβ

+ µ0310sin3 α cosβ + µ0301sin3 α sinβ, (60)

µ2020(α, β) = µ2020cos2 α cos2 β + 2µ2011cos2 α cosβ sinβ + µ2002cos2 α sin2 β

+ 2µ1120cosα sinα cos2 β + 4µ1111cosα sinα cosβ sinβ

+ 2µ1102cosα sinα sin2 β + µ0220sin2 α cos2 β + 2µ0211sin2 α cosβ sinβ

+ µ0202sin2 α sin2 β, (61)

µ1030(α, β) = µ1030cosα cos3 β + 3µ1021cosα cos2 β sinβ + 3µ1012cosα cosβ sin2 β

+ µ1003cosα sin3 β + µ0130sinα cos3 β + 3µ0121sinα cos2 β sinβ

+ 3µ0112sinα cosβ sin2 β + µ0103sinα sin3 β, (62)

µ0040(α, β) = µ0040cos4 β + 4µ0031cos3 β sinβ + 6µ0022cos2 β sin2 β

+ 4µ0013cosβ sin3 β + µ0004sin4 β. (63)

The 35 fourth-order moments can be determined from the knowledge of 9 fractional power spectra, where 4
of them have to be anamorphic.

The 2+3+3+2=10 invariant combinations of third-order moments and the 3+4+5+4+3=19 invariant
combinations of fourth-order moments follow directly from Table 2 as invariants oft2

+ b2. We mention
three simple invariants for fourth-order moments in particular: the combination

µ4000+ 2µ2200+ µ0400, (64)

related tox2 andu2 (with the indicesr = s = 0), cf. the second-order invariantµ2
2000+ 2µ2

1100+ µ2
0200; the

similar combination
µ0040+ 2µ0022+ µ0004, (65)

related toy2 andv2 (with the indicesp = q = 0), cf. the second-order invariantµ2
0020+ 2µ2

0011+µ2
0002; and

the combination
µ2020+ µ2002+ µ0220+ µ0202, (66)
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where the squares of all four variablesx2, u2, y2, andv2 enter the expression, cf. the second-order invariant
µ2

1010+ µ2
1001+ µ2

0110+ µ2
0101.

Note again that De Bruijn’s inequality (54) leads to a lower bound of 2 for the expressions (64) and
(65); moreover, the choicec4

=
√

µ0400/µ4000 leads to the interesting inequality
√

µ4000µ0400+ µ2200 ≥ 1,
and a similar expression holds for the momentsµ0040, µ0004, andµ0022.

To find the number ofnth-order momentsN, and the total number of fractional power spectraNt (with
Na the number of anamorphic ones) that we need to determine theseN moments, use can be made of the
following triangle, which can easily be extended to higher order:

n number ofnth order moments N Nt Na

0 1 1 1 0
1 2 + 2 4 2 0
2 3 + 4 + 3 10 4 1
3 4 + 6 + 6 + 4 20 6 2
4 5 + 8 + 9 + 8 + 5 35 9 4
5 6 + 10+ 12+ 12+ 10+ 6 56 12 6
6 7 + 12+ 15+ 16+ 15+ 12+ 7 84 16 9
7 8 + 14+ 18+ 20+ 20+ 18+ 14+ 8 120 20 12
...

...
...

...
...

Note thatN (the number ofnth-order moments, withn = p + q + r + s) is equal to the sum of the values
in thenth row of the triangle,N =

1
6(n + 1)(n + 2)(n + 3); that Nt (the total number of fractional power

spectra) is equal to the highest value that appears in thenth row of the triangle,Nt =
1
4(n + 2)2 for n =

even, andNt =
1
4(n + 3)(n + 1) for n = odd; and thatNa (the number of anamorphic fractional power

spectra) follows fromNa = Nt − (n + 1).

6. Conclusions

We have shown how all global WD moments of arbitrary order (or derivatives of the AF at the origin) can
be measured as intensity moments in the output plane of an appropriate number of fractional FT systems
(generally anamorphic ones, i.e., with different anglesα andβ), and we have derived the minimum number
of (anamorphic) fractional power spectra that are needed for the determination of these moments. The results
followed directly from the general relationship (23) that expresses the intensity moments in the output plane
of an anamorphic fractional FT system in terms of the moments in the input plane and the two anglesα

andβ. They could also be derived by formulating rotation-type input-output-relationships between certain
combinations of moments. The latter method yields, as a by-product, a number of moment combinations
that are invariant under anamorphic fractional Fourier transformation.

The authors can be reached at the address on the title page, by telephone at +31 40 2473319 or
+34 91 3944678, by fax at +31 40 2448375 or +34 91 3944683, and by e-mail at M.J.Bastiaans@tue.nl
or talieva@fis.ucm.es.
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Table 1. Real and imaginary parts ofξ2k,l η2m,n (andξ2k,l η
∗

2m,n, if necessary) up to fourth order

ξ2k,l η2m,n <{ξ2k,l η2m,n} ={ξ2k,l η2m,n} lα ± nβ

ξ01η00 x u α

ξ00η01 y v β

ξ20η00 x2
+ u2

ξ02η00 x2
− u2 2xu 2α

ξ01η01 xy − uv xv + uy α + β

ξ01η
∗

01 xy + uv −xv + uy α − β

ξ00η20 y2
+ v2

ξ00η02 y2
− v2 2yv 2β

ξ21η00 x3
+ xu2 x2u + u3 α

ξ03η00 x3
− 3xu2 3x2u − u3 3α

ξ20η01 x2y + u2y x2v + u2v β

ξ02η01 x2y − u2y − 2xuv x2v − u2v + 2xuy 2α + β

ξ02η
∗

01 x2y − u2y + 2xuv −x2v + u2v + 2xuy 2α − β

ξ01η20 xy2
+ xv2 uy2

+ uv2 α

ξ01η02 xy2
− xv2

− 2uyv 2xyv + uy2
− uv2 α + 2β

ξ01η
∗

02 xy2
− xv2

+ 2uyv −2xyv + uy2
− uv2 α − 2β

ξ00η21 y3
+ yv2 y2v + v3 β

ξ00η03 y3
− 3yv2 3y2v − v3 3β

ξ40η00 x4
+ 2x2u2

+ u4

ξ22η00 x4
− u4 2x3u + 2xu3 2α

ξ04η00 x4
− 6x2u2

+ u4 4x3u − 4xu3 4α

ξ21η01 x3y + xu2y − x2uv − u3v x3v + xu2v + x2uy + u3y α + β

ξ21η
∗

01 x3y + xu2y + x2uv + u3v −x3v − xu2v + x2uy + u3y α − β

ξ03η01 x3y − 3xu2y − 3x2uv + u3v x3v − 3xu2v + 3x2uy − u3y 3α + β

ξ03η
∗

01 x3y − 3xu2y + 3x2uv − u3v −x3v + 3xu2v + 3x2uy − u3y 3α − β

ξ20η20 x2y2
+ x2v2

+ u2y2
+ u2v2

ξ20η02 x2y2
− x2v2

+ u2y2
− u2v2 2x2yv + 2u2yv 2β

ξ02η20 x2y2
+ x2v2

− u2y2
− u2v2 2xuy2

+ 2xuv2 2α

ξ02η02 x2y2
− x2v2

− u2y2
+ u2v2

− 4xuyv 2x2yv − 2u2yv + 2xuy2
− 2xuv2 2α + 2β

ξ02η
∗

02 x2y2
− x2v2

− u2y2
+ u2v2

+ 4xuyv −2x2yv + 2u2yv + 2xuy2
− 2xuv2 2α − 2β

ξ01η21 xy3
+ xyv2

− uy2v − uv3 xy2v + xv3
+ uy3

+ uyv2 α + β

ξ01η
∗

21 xy3
+ xyv2

+ uy2v + uv3
−xy2v − xv3

+ uy3
+ uyv2 α − β

ξ01η03 xy3
− 3xyv2

− 3uy2v + uv3 3xy2v − xv3
+ uy3

− 3uyv2 α + 3β

ξ01η
∗

03 xy3
− 3xyv2

+ 3uy2v − uv3
−3xy2v + xv3

+ uy3
− 3uyv2 α − 3β

ξ00η40 y4
+ 2y2v2

+ v4

ξ00η22 y4
− v4 2y3v + 2yv3 2β

ξ00η04 y4
− 6y2v2

+ v4 4y3v − 4yv3 4β
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Table 2. Moment combinations undergoing a rotation of the form of Eqs. (32) up to fourth order[
t (α, β)

b(α, β)

]
= R(lα ± nβ)

[
t (0, 0)

b(0, 0)

]
=

[
cos(lα ± nβ) sin(lα ± nβ)

− sin(lα ± nβ) cos(lα ± nβ)

] [
t (0, 0)

b(0, 0)

]
top vector entry t bottom vector entryb angle lα ± nβ

µ1000 µ0100 α

µ0010 µ0001 β

µ2000+ µ0200

µ2000− µ0200 2µ1100 2α

µ1010− µ0101 µ1001+ µ0110 α + β

µ1010+ µ0101 −µ1001+ µ0110 α − β

µ0020+ µ0002

µ0020− µ0002 2µ0011 2β

µ3000+ µ1200 µ2100+ µ0300 α

µ3000− 3µ1200 3µ2100− µ0300 3α

µ2010+ µ0210 µ2001+ µ0201 β

µ2010− µ0210− 2µ1101 µ2001− µ0201+ 2µ1110 2α + β

µ2010− µ0210+ 2µ1101 −µ2001+ µ0201+ 2µ1110 2α − β

µ1020+ µ1002 µ0120+ µ0102 α

µ1020− µ1002− 2µ0111 2µ1011+ µ0120− µ0102 α + 2β

µ1020− µ1002+ 2µ0111 −2µ1011+ µ0120− µ0102 α − 2β

µ0030+ µ0012 µ0021+ µ0003 β

µ0030− 3µ0012 3µ0021− µ0003 3β

µ4000+ 2µ2200+ µ0400

µ4000− µ0400 2µ3100+ 2µ1300 2α

µ4000− 6µ2200+ µ0400 4µ3100− 4µ1300 4α

µ3010+ µ1210− µ2101− µ0301 µ3001+ µ1201+ µ2110+ µ0310 α + β

µ3010+ µ1210+ µ2101+ µ0301 −µ3001− µ1201+ µ2110+ µ0310 α − β

µ3010− 3µ1210− 3µ2101+ µ0301 µ3001− 3µ1201+ 3µ2110− µ0310 3α + β

µ3010− 3µ1210+ 3µ2101− µ0301 −µ3001+ 3µ1201+ 3µ2110− µ0310 3α − β

µ2020+ µ2002+ µ0220+ µ0202

µ2020− µ2002+ µ0220− µ0202 2µ2011+ 2µ0211 2β

µ2020+ µ2002− µ0220− µ0202 2µ2120+ 2µ1102 2α

µ2020− µ2002− µ0220+ µ0202− 4µ1111 2µ2011− 2µ0211+ 2µ1120− 2µ1102 2α + 2β

µ2020− µ2002− µ0220+ µ0202+ 4µ1111 −2µ2011+ 2µ0211+ 2µ1120− 2µ1102 2α − 2β

µ1030+ µ1012− µ0121− µ0103 µ1201+ µ1003+ µ0130+ µ0112 α + β

µ1030+ µ1012+ µ0121+ µ0103 −µ1201− µ1003+ µ0130+ µ0112 α − β

µ1030− 3µ1012− 3µ0121+ µ0103 3µ1201− µ1003+ µ0130− 3µ0112 α + 3β

µ1030− 3µ1012+ 3µ0121− µ0103 −3µ1201+ µ1003+ µ0130− 3µ0112 α − 3β

µ0040+ 2µ0022+ µ0004

µ0040− µ0004 2µ0031+ 2µ0013 2β

µ0040− 6µ0022+ µ0004 4µ0031− 4µ0013 4β
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Figure caption

Figure 1.
Two simple coherent-optical fractional FT systems,20 whose point-spread functions take the form of
Eq. (14), (a) using one thin (cylindrical) lens with focal lengthf , preceded and followed by two identical
distancesd of free space, and (b) using two identical thin (cylindrical) lenses with focal lengthsf , separated
by a distanced. The relation betweend, f , and the fractional angleα readsd = 2 f sin2 1

2α in both set-ups;
the ‘real’ space coordinates in the input and output planes are proportional tox andu, respectively, by the
proportionality factor(λ f sinα)1/2 in set-up (a) and(λ f tan1

2α)1/2 in set-up (b), whereλ is the wavelength
of the laser light.
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d df

input output
(a)

f fd

input output
(b)
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