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nations of moments. It is shown how the Wigner distribution moments (or ambiguity
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corresponding fractional power spectra. The minimum number of (anamorphic) fractional
power spectra that are needed for the determination of these moments is derived. As an
important by-product we get a number of moment combinations that are invariant under
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1. Introduction

After the introduction of the Wigner distributidfWD) for the description of coherent and partially coherent
optical fields? it became an important tool for optical signal/image analysis and beam characterization.
The WD completely describes the complex amplitude of a coherent optical field (up to a constant phase
factor) or the two-point correlation function of a partially coherent field. Since the WD of a two-dimensional
optical field is a function of four variables, it is difficult to analyze. Therefore, the optical field is often repre-
sented not by the WD itself, but by its global moments. Beam characterization based on the second-order
moments of the WD thus became the basis of an International Organization for Standardization $tandard.

Some of the WD moments can directly be determined from measurements of the intensity distribu-
tions in the image plane or the Fourier plane, but most of the moments cannot be determined in such an
easy way. In order to calculate such moments, additional information is required. Since first-order optical
system8 — also calledABC D systems — produce affine transformations of the WD in phase space, the
intensity distributions measured at the output of such systems can provide such additional information.
It was showf 10 that for these purpose#BC D systems using cylindrical lenses (anamorpABC D



systems) have to be applied. The applicatiolA&C D systems for the measurements of the second-order
WD moments have been reported in several publicafiois.

It is the aim of this paper to show how all WD moments can be measured as intensity moments only; and
since WD moments are identical to derivatives of the ambiguity funttidfat the origin, the same holds for
these derivatives. We therefore consider a particular case B D system: the anamorphic fractional
Fourier transform (FT) system. We show that not only the second-order moments, but all moments of the
four-dimensional WD can be obtained from measurements of only intensity distributions in an appropriate
number of (anamorphic) fractional FT systems. The minimum number of (anamorphic) fractional power
spectra needed for the calculation of all WD moments of an arbitrary order is determined. As a by-product,
moment combinations are found that are invariant under anamorphic fractional Fourier transformation.

2. Wigner distribution and ambiguity function

The Wigner distribution (WD) of a twodimensional functidrix, y) is defined by
Wi (X, U3y, v) = f / fx+ 3%, y+3Y) F*(x = 35X,y — 3y) exp[-j 27 (ux + vy)]dxdy. (1)

The WD Wi (X, U; Y, v) represents a space functidiix, y) in a combined space/spatial-frequency domain,
the so-called phase space, whars the spatial-frequency variable associated to the space vaxiaatel
v the spatial-frequency variable associated to the space varjabMe remark that the definition of the
WD — and all the results of this paper — need not be restricted to coherent light, in which case
would represent the complex field amplitude of the light, but can be extended to partially coherent light,
in which case the two-point correlation function of the light can be identified with(x + %x’, y + %y’)
fr(x — 23X,y — 3¥)>.
The WD is related to the ambiguity function (AF) defined by

A sy o) = [ [ o by By P 3y - By el j2rux -+ vydxdy.

The relationship between the WD and the AF takes the form of a combined forward/inverse Fourier trans-
formation:

AcOX, U Y0 = / / / / Wi (X, U; ¥, v) expl— | 27 (UX — uX + v’y — vy)]dxdudyd. (3)

In this paper we consider the normalized moments of the WD (or the derivatives of the AF at the origin),
where the normalization is with respect to the total endggyf the signal:

E:/ / / / Wf(X,u; y9 U)dXdUdyd): Af(o, 0, O, 0):/ / |f(X,Y)|2dXdy (4)

These normalized moments,qrs of the WD (or derivatives of the AF) are thus defined by

UpgrsE = /Oo /OO /Oo /OO Ws (X, u; y, v)xPuly"vSdxdudyd (5)
'O(O—l)os+roo 87poiq+“+sAf(x, u; y, v) ©)
(] 2m)pratr+s ax99uPaysagv’ XeUmy=v=0
= e L
x Fox+ 36, y+3mFr(x— 36,y — 30 dxdy
ag9an® £=1=0




0 d
<_ B _> (_ - _) f (X1, y1) (X2, ¥2) dxdy,

Xy 09X dyr 9y X1=X=X,Y1=Y2=Y

with p, g, r, s > 0. Note that folg = s = 0 we have intensity moments, which can easily be measured:

UporoE = f / f / Wi (X, u; y, v)xPy dxdudyd

= / / xPy'| f (x, y)|?dxdy, )

with p,r > 0.
We remark that the moments of other memb&gsx, u; y, v) of the so-called Cohen class of phase-
space representatiotswhich are defined by

CiX,u;y,v) = / / / / D (Xo, Uo; Yo, Vo) Wt (X—Xo, U—Uo; Y—Yo, V—00)dXdUsd Yodv,, (8)

are directly related to the WD momenis,qs. To show this, it is advantageous to go from the Wigner-
domain representation [see Eq. (8)] to the ambiguity-domain representation
Ci(X, Uy, v) =X, Uy, v)Ar (X, Uy, v), 9)

where C; (X', U; y, v') and ®(x’, u’; y, v') represent the combined forward/inverse Fourier transforms
of C¢(x,u;y,v) and ®(x, u; y, v), respectively, defined in a way similar to Eqg. (3), and where the
convolution (8) has been replaced by a simple productbat’, u’; y', v') and the ambiguity function
A¢ (X, U’; ¥, v). Note that there is a wealth of phase-space represent&titives belong to the Cohen
class, each characterized by its own kerdglx, u; y, v) or ®(x’,u’; y, v'); the WD itself arises for
d(x',u;y,v') = 1, of course, while the kernets(x’, u’; y', v') of the Rihaczek distribution, the pseudo
WD [with window functionn(%x, %y)], and the spectrogram [with window functign(x, y)] — to mention
only a few well-known phase-space representations — reagegl’ +y'v)], n(3x’, 2y)n*(—3x', -1y,
andA, (—=x', —u’; =y, —v'), respectively?

The momentg,qs of an arbitrary Cohen-class phase-space represen@fion u; y, v) now take the
form [cf. Eqgs. (5) and (6)]

Ypars = / / / / Ct(x, u; y, v)xPuly vdxdudyd

(_1) p+r 8p+q+r+scf (X, u;y, v)
(j2m)pratrts aX49uPysa v’

Xx=u=y=v=0
B (=P JPHATHSD(X, Uy, v) Af (X, Us Y, V)
© (j2m)ptatrs AXIIUPIYSIu’ X—timy—=0

= e B2 (1) (1) () ()

JRHFMIND(x, u; y, v) APFHATTFSTRATMTN AL (x U;y, v)
oax'aukayngym ox9-1gupP—kgys—ngyr-m

X=U=y=v=0
p g r s
— p q r S
= =22y (D)) ) )
k=0 =0 m=0 n=0
(_1)k+m 8k+l+m+”q_>(x, u; y, v)
X (j2m)kH+mtn gxTgukgyngum X:u:y:vzol‘vp—k,q—l,r—m,s_n (20)
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Note that ifg*"+M™1d /5x! Jukay"dv™|y—y=y—,—o vanishes fok = 1,..., p, = 1,...,q,m=1,....r,

andn = 1,...,s, then the moments of the general phase-space represeniatignu; y, v) up to the
order(p 4+ q +r + s), are identical to those of the WD. Furthermore, for the important special class of
product kernelsb(x’, u’; y', v') = S((xX'U) S (y'v") [with examples the (real-valued) generalized Wigner,
the Rihaczek, the Born-Jordan, the Choi-Williams, and the reduced interference ¥graaget

9HTIMS, (xU) Sy (yv)
axkoukgymgym

_ 32 S (xU)

axKguk

32" (yv)

weu—o Oymaum

=kim SYOS™© (11)

y:v:O

x:u:y:v:O
while all other derivatives vanish; in that case Eq. (10) reduces to the simpler form

min(p,q) min(,s)

Vos=E Y > (E) (E) (rrn) (;) ()" @kaml §0 0§ Ot g-kr-msm: (12)
k=0 m=0

We conclude that knowledge of the WD moments (or the AF derivatives at the origin) is of vital impor-
tance for all kinds of phase-space signal representations. In this paper we will derive how these moments
(and derivatives) are related to the moments of the fractional FT, and how they can be measured as intensity
moments in the fractional FT domain.

3. Fractional Fourier transform

The (anamorphic) fractional Fourier transform (FT) of a functfam, y) is defined by°*—24

Fep(u, v) = foo /OO Ko (X, WKg(y, v) f(x, y)dxdy, (13)

where the kerneK, (x, u) is given by

Ke(X, u) =

exp(j o) ox [.n (X2 4 u?) cosa — 2ux} 14

] Sina sina

We remark thafqo(u, v) = f(u, v) represents the function itself, whilg, > . 2(u, v) corresponds to the
normal two-dimensional FT of the functioh(x, y). Note, moreover, thak,, . (x, u) = K,(x, —u) and
henceF, . g+x (U, v) = Feg(—U, —v), thatK, (X, u) = K, (u, X), and that (X, u) = K_,(x, u).

The fractional FT can be generated optically by very simple, anamorphic, coherent-optical €&t-ups,
see Fig. 1, consisting only of cylindrical lenses whose focal lengths — in combination with some appropriate
sections of free space — are related to the anglasdS. If we would choose the configuration in Fig. 1(a),
for instance, we would have a distanag 2etween the input and the output plane, and a middle plane in
which two cylindrical lenses are located, with their axes oriented perpendicular to each other: one lens acting
for the x coordinate (with its focal lengtt, determined byr throughd = 2f, sir? %a) and the other one
(with its focal lengthfy, determined by throughd = 2f, sir? %,6) acting for they coordinate. We could
also choose different configurations for tkeand y directions, of course. The input-output relationship

| Figure 1 somewhere hefre

Fig. 1.

of such anamorphic fractional FT systems in terms of the so-called ray transformation mathB (Wb
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matrix) 8 where the positions;, y; and directions;, v; of an optical ray in the input plane are related to the
positionsx,, Y, and directionsl,, v, Of the ray in the output plane, takes the form

Xo Avx Axy Bxu By Xi cosw 0 sina 0 Xi

Yo | | Ax Ay By By, yio | _ 0 cosp 0 sing Vi (15)
Uo - CUX Cuy Duu DUU U| - - San[ O COS‘X O U|

Vo Cwxx Cuw Dw Dy i 0 —sing 0 cosB i

or, with a different ordering of the variables,

XO AXX BXU Axy BXU X| COS(X SIH(X 0 X|

Uo | | Cux Duu Cuy Dy u | | —sina cosx 0 0 Ui (16)
Yo | | Ax By Ay By yi | 0 0 cosB sinp yi |’

Vo Cwxx Dw C, Dy i 0 0 —sinB cosp i

One of the most important properties of the fractional FT is that it corresponds to a rotation of the WD
and the AF in the phase space:

W, (X, U; y,v) = Wi (XCOSx — USina, X sina + U CoSa;
ycosB — vsing, ysing + v cosp), a7
Ar, (X, U5y, v) = Af(X'cosa — U'sina, X’ sina + U’ cosa;
y' cosB — v'sinp, y' sing + v’ cosp). (18)

Moreover, the fractional power spectra, i.e., the squared mod&usx, y)|? of the fractional Fourier
transform, is directly related to the WD through a projection operation, and to the AF through an inverse
Fourier transformation:

| Fag (X, y)|2 / / WEe,, (X, U; y, v)dudv, (19)

| Fap (X, y)]2 / / Ar,;(0,U; 0, v") exp[j 27 (u'x + v'y)ldudv’. (20)

Note that the fractional power spectrum is related to the intensity distribution in the output plane of an
anamorphic fractional FT system [see EQgs. (15) and (16)] and therefore can easily be measured in experi-

ments.
In the remainder of the paper we will concentrate on the WD and its moments; the results for the AF

and its derivatives at the origin are identical, see Egs. (5) and (6).

4. Moments in the fractional domain

On the analogy of Eq. (5), we now define normalized momentss(«, 8) in the fractional domain and
relate these to the original momemtgyrs = pqrs(0, 0):

Mpgrs(a, B)E = / / / f WE,,; (X, U y, v)xPuly"vsdxdudyd (21)

o o0 o o0
= / / f / Wi (X cosa — u Sina, X Sina + U cosa;
—00 J—00 J—00 J—00

ycosp — vsing, ysing + vcosB)xPuly v3dxdudyd
= / / f / Wi (X, U; Y, v)(X cosa + U sina)P(—x sina + ucosa)“

x (ycospB +vsing)' (—ysing + vcosp)*dxdudyd,
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with p, g, r, s > 0. The general relationship thus takes the form

P g9 r s
Mpgrs(a, B) = ZZZ Z (E) <?) (rrn) <rs1> (_l)HnIva—k—H,q—I+k,r—m+n,s—n+m

k=0 1=0 m=0 n=0
x (COSO{) p—k+q-I (Sina)k+l (Cosﬂ)r—m+s—n (Sinﬂ)m+n, (22)

and for the intensity moments in particular we have

p r
porole, B) = Z Z ( E) (r:q) Ip—kkr—mmCOSL ¥ a sin @ cod ™™ g sin™ B. (23)

k=0 m=0

Note that the total energlg, see Eq. (4), is invariant under fractional Fourier transformation:

E = / f f / Wpuﬁ(x,u;y,v)dxdudyd)

= / / / f Ws (X, U; y, v)dxdudyd. (24)

From the definitions of the normalized moments in the fractional domain, it follows directly that the
xPu? moments (witlr = s = 0) are not affected by the fractional Fourier transformation inytiigrection
(with angle 8), while they"v®> moments (withp = g = 0) are not affected by the one in thedirection
(with angle):
Mpgooler, B) = pgoo(er, 0), (25)
roas(@, B) = poas(0, B).

Moreover, thexPy" moments (withg = s = 0) can easily be measured as intensity moments again,

pomota HE= [ [ XY 1Fpx y)axdly (26)

and from the relationship
Wpars(@, B) = (=D)P* ugpsi(e + 57, B + 370), (27)
we conclude that the%v® moments (withp = r = 0) can be measured as intensity moments, as well.

5. Relations between moments in the fractional domain

To find simple relationships between the momentsVf(x, u; y, v) on the one hand and those of
WE, , (X, U; Y, v) on the other, cf. Eqg. (21), we defftte

§ = x+ju, (28)
n = y+jv
@ = exp—jwy,
26 = exp-ifm, @9
and
i@ = E@IE @] = E@PE@], (30)

Nomn(B) = [BI™ "B = B [n@)]",
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with k,| > 0 andm, n > 0. With &y (0) = & andnzmn(0) = nom.n, We then have

Exi(@)namn(B) = expl—]j (o +nB)l&xinomn.

£ @1 n(B) = ©XPl] (I — NB)]Eni Wi (1)
which equations are equivalent to the rotation operators
M1 (@n2mn(B)} | _ N{Eak1m2mn}
[ fe{s%,l(a)nzm,n(ﬂ)}] = R('““ﬂ)[ ez namn) ]
(32)

[ &1 ()N5 (B} ]
Stk 1 (@) N5 0 (B}

respectively, wherét{-} and J{-} denote the real and the imaginary part, respectively, and wR&rg
represents the rotation matrix

_ Rda—n) [ ME21 Mimn) ] |

S3{E2x,11M5m,n}

R(x) = [

corresponding to a clockwise rotation through an angl€he real and imaginary parts &k | n2m.n (and of
&2k1M5m s If NECESSArY, i.€., In the case that 0 andn # 0) and the corresponding rotation anble+ ng
have been presented in Table 1 for@K, |, 2m, n) combinations up to fourth order, i.ek21+2m+n < 4.

Relationships between the moments in the fractigaag) domain and the moments in the original
domain follow from the relations [cf. Eq. (21)]

/ / f / Wk, , (X, U: Y. v)Eainamndxdudyd

N / / / / Wi (x, usy, v)'ng,l(a)772m,n(,3)dXdudyd)

Ccosy Sina }

—Sina  cosux (33)

= expl—jla+npg)] f f / f Wi (X, U; Y, v)&2x 1 n2amndxdudyd (34)

and, if necessary,

/ / [ / We, , (X, Us Y. 0)Eaimim ndxdudyd

— explj(a - nB)] / f / f Wi (X, U; ¥, )21 75 ndxdudyd, (35)

together with the expressions given in Table 1, which results in rotation-type relationships of the form of
Eqg. (32). The last row in Table 1, for instance, leads to the relationship

|: toosola, B) — Buooza(r, B) + oooale, B) ] — R@B) [ 0040 — B1L0022 + L0004 }
4i0031(ct, B) — 4woora(a, B) 4110031 — 4ito013 )

The two vector entries (top enttyand bottom entry) and the corresponding rotation anfe+ ng for all
different cases (up to fourth order) have been given in Table 2.

A. First-order moments

For the first-order moments we get 2 sets of equations, cf. Table 2: 2 equations foatitks moments
(with the moment indices = s = 0),

m1o00(et, B) _ /41000
|: Mozoo(@, B) } B R(a)|: Momo} (36)



and 2 equations for thg andv moments (with the moment indicgs= q = 0),
tooro(et, B) ] [ Moom]
= R , 37
|: Hooon(@, B) ) 0001 37)
which constitute 4 equations for the 4 first-order moments. From the first rows of the two vector-matrix
equations (36) and (37) we get
M1ooo(@, B) = [41000COS™ + fLo100SiNer, (38)
tooto(et, B) = 0010COSB + 1ooo1SiNA, (39)

which equations correspond to Eq. (23) wiplgrs = 1000 andpqrs = 0010, respectively, and the 4
momentsiiooo Mo100 Moo1e @Ndigoo1 can be determined by measuring the intensity momendss(«, -)
and woo10(-, B) in the fractional domain for two values of and 8, for instance for 0 ant%n: 11000 =

14100000, ), 140200 = 4100037, ), Hoo10= oo1o(*» 0), andLo001 = 1oo10(*, 377).
Note that the following two expressions

2 2
Migoo + Mo100 (40)

2 2
Moo10 T Moot (41)

are invariant under fractional Fourier transformation.

B. Second-order moments

For the second-order moments we get 3 sets of equations, cf. Table 2: 3 equationxfanthemoments
(with the indices = s = 0 again),

m2000(ct, B) + o200, B) = 42000+ 0200

p2000(ct, B) — wozoola, B) _ 12000 — 140200
|: 2u1100(ct, B) :| = R@) |: 2141100

4 equations for the mixed moments,

} (42)

Kaooe, B) — woroi(e, B) _ 11010 — 40101
[ Kio01(@, B) + orioler, B) } = Re+ph) [ M1001+ H0110 ] '

(43)
|: piowo(er, B) + pozoa(@, B) :| — R@-p) [ M1010+ Mo101 ]
—pao00x(e, B) + worio(e, B) — 1001+ Mo11o |’
and 3 equations for thg andv moments (with the indicep = q = 0 again),
woo2o(e, B) + poooAet, B) = 0020+ 0002

44
|: wooz0(at, B) — poooAe, B) ] ) [ 40020 — /40002 ] (44)

2uo011(e, B) 2/0011

which constitute 3+4+3=10 equations for the 10 second-order moments. From the first rows of the vector-
matrix equations — or directly from Eq. (23) withgrs = 2000, pqrs = 1010, andpqrs = 0020, respec-
tively — we derive the 3 relationships

[2000( B) = [12000COS o + 2411100COSe SN + Lo200SIMT (45)
pio1oe, B) = [41010COSK COSP + [11001COSe SINB + (o110SiNa COSP + poto1Sina sing,  (46)
1to020(et, B) = [0020COS B + 2U0011COSB SINP + opozSirT B. (47)
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The 3 moment$ioo00, 41100, @NA o200 CAN be determined by measuring the intensity momggdo(«, -) in
the fractional domaitf for three values o, for instance for O%n, and%n: 12000 = 200000, -), o200 =
112000377, ), and thenuiioo = 12000377, -) — 3 (142000 + 10200 Likewise, the 3 momentsoozo, 120012, and
ooz Can be determined by measuring the intensity momego(-, 8) for three values o8, for instance for
0, 27, and3m: poozo = fto020(" 0), ioooz = Hoo2ol*, 37), and thenuoois = oo20(:, 377) — 3 (oozo+ Ko0o2)-
The other 4 moment$i10, 41001, o110 @Ndio101 follow from measuring the intensity momegio.o(e, 8),
for instance as followsiio10 = 1101000, 0), pot01 = K1010(37, 37), Hor0 = H1010(37, 0), and then
11001 = 2M1010(;11n, ;1171) — L1010 — Mo110 — Mooz We conclude that all 10 second-order moments can be
determined from the knowledge of 4 fractional power spectra, where one of them has to be anamorphic (i.e.,
a # B), forinstance Fo.o(X, Y) 12, |Fr/az/a(X, V)12 |Fa/2.0/2(X, Y)I?, and|Fr2.0(X, y) |2

Note that we have the following 2+2+2=6 invariants, which can directly be derived from Table 2 as
invariants oft2 + b?:

M2000 + 0200, (48)
(12000 — H0200° + 4412100 (49)
(141010 — fo100® + (11001t 101107, (50)
(H1010+ Ho10D® + (—t1001+ 10110, (51)
M0020 + 0002 (52)
(Hoo2o— Ho00d” + Bidory: (53)

Combinations of these expressions lead to more invariantgs$ikg+ 2142, oo+ 3200 2N014 200040200~ 143100
for the x andu moments [with similar expressions for tiyeandv momentsugozo Loo11, @and togog, and

M5010+ M5001+ M3110+ MglOl and/l,l()louoml— M100110110 for the mixed moments.
From De Bruijn’s inequality for the WD of a one-dimensional functfén,

f / (cx + ) Wi (X, uydxdu> m! foo/oowf(x,u)dxdu (54)

and choosing = 1, we conclude that the invariants (48) and (52) have a lower bound of 1. ChaBsiag
o200/ 20001 De Bruijn’s inequality leads to the well-known uncertainty relatiQfoogitoz00 > 1, and
a similar expression holds for the momeptggo and o200

C. Higher-order moments

For higher-order moments we can proceed analogously, using the expressions given in Table 2. For the third-
order moments we get 4 sets of equations, which yield 4+6+6+4=20 equations for 20 variables. From these
equations we get 4 relationships from which the 20 third-order moments can be determined:

H3000(, B) = M3000COS & + 312100COF & SiNa + 3u1200COSA SIMF & + 1L0300SiMT @, (55)
w2010(e, B) = 112010C0S & COSB + [12001COS o SINB + 2u1110COSe Sine COSPB

+ 241101€COSa SiNa SINB + [Lo210SIM & COSB + o201 SiM’ & SiN B, (56)
110200, B) = [1020COSx COS B + 241011COSe COSP SINB + [£1002COSA SIIT B

+ [L0120SiNe COS B + 2p0111SiNa COSB SINB + po102Sina Sir? B, (57)
tooso(@, B) = [0030COS’ B + B10021COS B SINB + 3140012COSP SIN B + ooosSIN® B. (58)

Note again that these relations could as well have been derived directly from Eq. (23)gvih= 3000,
pgrs = 2010, pgrs = 1020, andpgrs = 0030, respectively. The 20 third-order moments can be deter-
mined from the knowledge of 6 fractional power spectra, where 2 of them have to be anamorphic.
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We remark throughout the correspondence between the moment ipdigas ands on the one hand,
and the powers of cas sina, cosB, and sing on the other hand, respectively. Moreover, the numerical
factor in front of the moments corresponds to the number of variables permutations that lead to identical
moments; for instance, the momeury; oo, Stems from three possible permutationsas = xux = uxx. This
observation leads to an easy way [cf. Eqg. (23)] to find equations of the above type, without using Table 2.
To construct Eqg. (56), for example, we would proceed as follows. We first note that the moesggit, 8)
in the left-hand side stems frormxy. The moments that will appear in the right-hand side then stem from
xxy (leading tou2010c08 « cosp) and from all the variables combinations that result from interchanging
with u, andy with v: xxv (leading tou,001€0S « sinB), xuy = uxy (leading to 2t1110C0Sx Sina cOSpP),
Xxuv = uxv (leading to Zu1101C0Se sina sing), uuy (leading topg10Sir? « cosp) anduuv (leading to
ro201Sinf o sinB). This procedure can, of course, be applied to higher-order moments, as well.

For the fourth-order moments we get 5 sets of equations, which yield 5+8+9+8+5=35 equations for
35 variables. From these equations we can derive 5 relationships from which the 35 fourth-order moments
can be determined [cf. Eq. (23) withgrs = 4000, pgrs = 3010, pqrs = 2020, pgrs = 1030, and
pgrs = 0040, respectively]:

paoooet, B) = 14000COS & 4 4143100COS o SiNa + BLi200COS a SINf o

+ A411300COSe SIN° & + oaooSin’ @, (59)
paorole, B) = 3010COS o COSB + 13001COS & SiNB + 312110C0S o Sina COSP

+ 312101€0F & Sina SiN B + 3111210C0Sa SINf o COSB + 3111201 COSe SiN? o sin B

+ 10310SIM° & COSB + 110301 SIMT & SN, (60)
po020(et, B) = 12020COS & COS B + 212011 COF o COSB SINS + 2002COS & SiF? B

+ 2/41120C0Sx Sina COF B + 4u11111COSw Sine cOSP sinB
+ 21102C0Sx SiNa SIMP B + [L0220SIM? & COF B + 210211 SiM’ o COSB SIS

+ ;Lozozsinz o Sir? B, (61)
/110300 B) = [11030COSx COS' B + 3i1021COSx COS B SiNB + 3111012COSar COSP SIIF B

+ 111003COSa SIN° B + o130SiNa COS' B + 3puo121SiNa COS B sinB

+ 3uo112Sina cosB sir? B + poigsSina Sin° B, (62)
110040, B) = [10040COS B + 4110031COS B SINB + B1L0022COS B SIN? B

+ 4410013COSP SIM B + poooasin’ B. (63)

The 35 fourth-order moments can be determined from the knowledge of 9 fractional power spectra, where 4
of them have to be anamorphic.

The 2+3+3+2=10 invariant combinations of third-order moments and the 3+4+5+4+3=19 invariant
combinations of fourth-order moments follow directly from Table 2 as invariant$ &fb?. We mention
three simple invariants for fourth-order moments in particular: the combination

4000+ 2/42200+ /40400, (64)

related tox? andu? (with the indices = s = 0), cf. the second-order invariangy, + 243100+ 143200 the
similar combination

140040+ 2140022 + /40004, (65)

related toy? andv? (with the indicesp = q = 0), cf. the second-order invariang,,+ 2301+ 13005 and
the combination

2020+ 12002+ 10220+ 40202, (66)
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where the squares of all four variabbeg u?, y?, andv? enter the expression, cf. the second-order invariant
Hio10F Hioor T Mo110F Hosor

Note again that De Bruijn’s inequality (54) leads to a lower bound of 2 for the expressions (64) and
(65); moreover, the choiae® = /1toa00/ (12000 l€@ds to the interesting inequalityjiaooaitosoo + 12200 > 1,
and a similar expression holds for the momemdgso, (tooos andiego2o.

To find the number ofith-order moment®, and the total number of fractional power spedtgwith
N, the number of anamorphic ones) that we need to determine Mhesements, use can be made of the
following triangle, which can easily be extended to higher order:

n number ofnth order moments N | N¢ | Na
0 1 1 (10
1 242 4 | 2|0
2 3+4+3 104 | 1
3 44+6+6+4 201 6 | 2
4 5+48+9+8+5 35/ 91| 4
5 6+ 10+ 12+ 12+ 1046 56 | 12| 6
6 7+12+15+16+15+12+7 84 16| 9
7 12

8+14+18+20+20+18+14+8|120| 20

Note thatN (the number ofith-order moments, with = p 4+ q +r + ) is equal to the sum of the values
in the nth row of the triangleN = %(n + 1)(n + 2)(n + 3); that N; (the total number of fractional power
spectra) is equal to the highest value that appears inttheow of the triangle N, = %(n +2)?forn =
even, and\; = %(n + 3)(n + 1) for n = odd; and thaiN, (the humber of anamorphic fractional power
spectra) follows fromN; = N; — (n + 1).

6. Conclusions

We have shown how all global WD moments of arbitrary order (or derivatives of the AF at the origin) can
be measured as intensity moments in the output plane of an appropriate number of fractional FT systems
(generally anamorphic ones, i.e., with different anglemndg), and we have derived the minimum number

of (anamorphic) fractional power spectra that are needed for the determination of these moments. The results
followed directly from the general relationship (23) that expresses the intensity moments in the output plane
of an anamorphic fractional FT system in terms of the moments in the input plane and the twocangles
andgB. They could also be derived by formulating rotation-type input-output-relationships between certain
combinations of moments. The latter method yields, as a by-product, a number of moment combinations
that are invariant under anamorphic fractional Fourier transformation.

The authors can be reached at the address on the title page, by telephone at +31 40 2473319 or
+34 91 3944678, by fax at +31 40 2448375 or +34 91 3944683, and by e-mail at M.J.Bastiaans@tue.nl
or talieva@fis.ucm.es.
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Table 1. Real and imaginary parts&@k | nam.n (@ndéa | n;m,n’ if necessary) up to fourth order

’ &2 1M2m.n ‘ N{&ax 1 m2mn} ‘ S{&ak1m2mn} ‘ la = npB ‘
§o1moo | X u o
Soomor | Y v 3
Exomoo | X2+ U2
Eoonoo | X* — U2 2xu o0
Eo1nor | Xy —Uv Xv + Uy o« p
Soallgy | Xy +Uv —xv 4+ Uy o p
Eoomzo | Y© +v°
Eoonoz | Y2 — v? 2y 26
Eanoo | X2+ xU? x2u + ud o
Eosnoo | X* — 3xU? 32U — U8 %
Eaonor | Xy + U’y x20 - U2 5
Eoonor | X2y — Uy — 2xuy x2v — u?v + 2xuy 20 + B
§0277(>§1 Xzy — u2y + 2Xuv —x2%p + u?v + 2xuy 20 — B
Eonzo | XY + Xv? uy? + uv? ”
Eomoz | XY? — xv? — 2uyv 2%y + UY2 — U2 o128
foingp | Xy — xv® + 2uyw —2Xyv + uy? — up? oa—28
Eoomzr | Y2+ yv? y?v + v° B
Eoonos | Y* — 3yv? 3y2y — 1° 3p
Esonoo | X* 4+ 2x%u? + u?

Eomoo | X —u? 2%3U + 2x U3 o
Eoanoo | X* — 6x7U? + u? 4x3u — 4xu® Aot
Eaanor | X%y + XUy — X*uv — Uy X3v 4+ XU% + x?uy + udy o+ p
Sty | X3y + XUy + x2Uuv + U —x3v — xu? + x2uy + uly «—p
fognor | X%y — 3xu?y — 3x%uv + Uy x3u — 3xu?v + 3x2uy — uly 3a+p
Eoamsy | X3y — 3xUPy + 3x2uv — Wy —x3v + 3xUPv + 3x2uy — uly 3 — f
Exomao | X2y + x%0? + u?y? 4 u%v?

&m0z | X2y2 — X202 4 U?y? — uv? 2x2yv + 20y 28
footao | X2y2 4 X2v? — uZy? — uv? 2xuy? + 2xuv? 2a
Eoomoz | XBy? — X202 — UPy? + UuPv? — Axuyw | 2xPyv — 2uPyv + 2xUy? — 2Xw? | 2u + 2
Eomsy | X2y? — X202 — u?y? 4 U%v? + dxuyn | —2x2yv + 2u?yv + 2XUY? — 2XUv? | 200 — 2
oz | XY> + Xyv? —uyv — uv® Xy2v + xv® + uy® + uyw? o+ B
Eounsy | XY® + Xyv? + uy?v + uv® “XYP0 — X0® + UYR + uyp? o«
ooz | XYy° — 3xyv® — 3uy’v 4 uv® 3xy?v — xv3 + uy® — 3uyw? o+ 38
Eoings | XY — 3xyv® 4 3uy’v — uv® —3xy?v + Xv* + uy® — 3uyw? oa—3p
Eoonao | Y*+2yv? + vt

oonze | Y —v* 2y3y + 2y03 26
Eoonoa | Y* — 6y*v? +v* A3y — dy 48
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Table 2. Moment combinations undergoing a rotation of the form of Eqgs. (32) up to fourth order

[ t(o, B) } — Rila +np) [ t(0, 0) } _ [ codla £nB) sinla £+ np) ] [ t(0, 0) ]
b(a, B) b(0, 0 —sinlla £nB) codla £ npB) b(0, 0)
| top vector entry t | bottom vector entry b | angle la +ng |
/41000 10100 o
140010 40001 B
42000+ 10200
42000 — 40200 241100 20
M1010 — Mo0101 M1001+ Mo110 o+ B
H1010+ Molo01 — L1001+ 0110 a—B
40020+ /40002
140020 — /40002 2[L0011 2p
13000+ M1200 M2100+ L0300 o
43000 — 3/41200 3142100 — /40300 3o
H2010+ H0210 2001+ 10201 B
142010 — 140210 — 2441101 2001 — M0201+ 2/41110 200+ B
2010 — 0210+ 241101 — 2001+ 0201+ 2441110 20 — B
M1020 1 (11002 H0120+ 10102 o
141020 — 141002 — 2440111 241011+ H0120 — 40102 a+2p
141020 — 141002 1 2/40111 —2u1011+ L0120 — 0102 o — 28
0030 1 0012 0021+ 10003 B
140030 — 3/40012 3140021 — /40003 3p
144000+ 2142200+ /L0400
144000 — /40400 2143100+ 2141300 20
44000 — B1L2200 + L0400 4113100 — 4it1300 4o
M3010+ M1210 — M2101 — M0301 M3001+ M1201+ H2110+ MH0310 o+ B
43010+ M1210+ M2101+ Ho301 — /3001 — M1201+ H2110 1 H0310 a—p
13010 — 341210 — 32101+ 0301 3001 — 31201+ 32110 — 0310 3 + B
13010 — 3i41210 + 342101 — M0301 — 43001+ 31201+ 342110 — H0310 3o — B
42020+ 42002+ 40220+ /40202
12020 — 142002 1 40220 — /40202 2112011+ 2140211 2p
12020+ 2002 — 40220 — /L0202 2112120+ 2141102 20
142020 — 142002 — 0220+ 0202 — Aib1111 | 2M2011 — 2/0211+ 21120 — 21102 | 200 + 2
42020 — 142002 — 40220+ o202+ Ait1111 | —2p42011 + 20211+ 21120 — 211102 | 200 — 2
1030+ H1012 — H0121 — M0103 1201+ 1003+ MH0130+ M0112 a+p
1030+ M1012+ Mo121+ M0103 —M1201 — M1003+ M0130 + M0112 a—p
11030 — 341012 — 3j40121 + 0103 3141201 — 141003+ (0130 — 340112 o+ 3p
1030 — 31012+ 30121 — M0103 —341201 + 1003+ H0130 — 30112 o — 3
140040+ 2/40022 + /40004
/40040 — /40004 21L0031+ 2140013 2p
140040 — 6140022+ L0004 4110031 — 4itoo13 48
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Figure caption

Figure 1.

Two simple coherent-optical fractional FT systethisyhose point-spread functions take the form of
Eq. (14), (a) using one thin (cylindrical) lens with focal lendthpreceded and followed by two identical
distancesl of free space, and (b) using two identical thin (cylindrical) lenses with focal lerfgtheparated
by a distancel. The relation betweed, f, and the fractional anglke readsd = 2f Sir? %oz in both set-ups;
the ‘real’ space coordinates in the input and output planes are proportioxnarndu, respectively, by the
proportionality factor(A f sin)*? in set-up (a) andif tanZa)*? in set-up (b), where. is the wavelength
of the laser light.
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